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HE CONCEPT of a slightly non-ideal plasma was first

introduced by J.B. Taylor in the context of his famous theory on
plasma relaxation in the following sense : a slightly non-ideal plasma
relaxes towards a state of minimum magnetic energy under the
constraint that the global magnetic helicity integral and the total
toroidal magnetic flux remain conserved. Based on a multiple
time-scale derivative expansion scheme, we have shown in a previous
work, that Taylor's conjecture is indeed true on the MHD-collision
time-scale (CMHD). In this paper, the invariance properties of both
the local and the global mass integrals are investigated on the ideal
MHD (IMHD) and the CMHD time-scales. On the IMHD time-scale,
it is shown that both the local and the global mass integral is no longer
conserved while, on account of the motion of the particles across the

magnetic field lines, the global mass integrai is only conserved.

It is well known that in the case of an ideal, perfectly conducting plasma, the
motion of the plasma particle perpendicular to the magnetic field lines is not
permitted since the field lines are frozen into the plasma. Consequently, the local
mass integral

MY = [ pdtY,

is thought to be constant ‘for each flux tubc where p is the particle mass density
and y is the label of the magnetic surface. On the basis of Taylor’s theory[ ] the
constancy of the local mass integral represents actually an infinity of topological
constraints. Accordingly, because of these constraints a complete rearrangement
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of the plasma particles is not permitted in the ideal MHD limit. Let us now
consider a slightly non-ideal plasma where the deviation from the ideal limit
arises on account of resistivity effects. In the presence of a small but finite
resistivity, however, the topological constraints associated with the magnetic
field lines are no longer preserved, since the field lines may break and reconnect.
In this case, it will be possible for the plasma particles to move across the field
lines and to rearrange themselves within the whole .volume such that the global

mass integral
MG = | par,

in which the integration is performed over the whole volume of plasma, is
constant. A similar argument has been drawn by K. Avinash!¥ to interpret the
time evolution of a slightly non-ideal, non-neutral plasma. Contrary to this
argument, Y. Kondoh!3] conjectured that, in the case of a slightly non-ideal,
neutral plasma the local mass integral remains conserved.

In order to investigate the fusion plasma phenomena, such as the plasma
anomalous transpert and plasma relaxation, that take place on a time-scale
intermediate between both of the ideal MHD (Alfven time) and the resistive
diffusion, a multiple time-scale approach was developed[4]. In this approach, a
multiple  time-scale derivative expansion scheme has been applied
simultaneously to both the dimensionless Fokker-Planck and Maxwell's
equations. Within the kinetic theory, the four speciesdependent time-scales are
those Larmor gyration Qé"l, the transit time a)a'l, the collision time va'l, and the
classical diffusion time, which can be written in the standardized form Tty
=178, ", where 8,, is the ratio between the transit and the gyration frequency,
Le., 8, = w, /Q,. Within the MHD-theory the corresponding time-scales are the
ion-gyration period, the Alfven time Ta» the MHD-collision time 1, =
i'l)O'S and the resistive diffusion time T.q» Which again can be written in
standardized form 1, = ;8" = tO(BCSi)'n/Q. For each order of the expansion
parameter 8,, a separate set of kinetic equations has been obtained, which led,
after performing the velocity moments, for each order to a separate set of the
transport equations.
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In a previous workP! we have, based on a multiple time-scale derivative
expansion scheme (MTS)[4], shown that during the evolution of a weakly
collisional, strongly magnetized neutral fusion plasma on the intermediate
MHD-collision (CMHD) time-scale, it behaves as a slightly non-ideal plasma. In
this paper, the conjectures by K. Avinash and Y. Kondoh are analyzed and the
invariance properties of the local mass integral on both the ideal MHD (IMHD)
and the MHD-collision (CMHD) time-scales are investigated.

Basic Equations

Continuity Equations

Referring to the multiple time-scale approachm (for detailed calculations cf
Ref. [6]), the dimensionless continuity equations,

4
an, +“_’1_I+V'(”ol70)=0> (1a)

o1,  dt,

IMHD:

én, 0&n, In, - = Vi
MHD: — + —L 4+ 24V (nu, +ni,)=0, (1)
¢ Bt, o1, &1, (ot o)

where, ny and uy krefer to the k™ order normalized particie density and
normalized average piasma velocity respectively and ty, t; and t, are related to
ion-gyration time, ideal MHD (Alfven) time (/MHD) and the intermediate
MHD-collision time (1) (CMHD), respectively.

Multiple time-scale expansion of the mass integrals
By applying the multiple time-scale derivative expansion scheme [4], onc
obtains for the time-evolution of the local (global) mass integral,

OMY o OMY,
g = o gy
p A | ~ w |
aM*| M| LMY o
= t + 00— | +0 — (Za)
7.
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=9 11442 e AU R
e w0 o206 Ol met e G :

Similarly, we obtain for the time-evolution of the global mass integral
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M & OME,
&‘f‘ B n=0 s=0 C?t\ ’
OM® oM° LOMC
= 5- +8° ~ (2b)
. at |,
ion—gyr. IMHD CMHD
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The Time Evolution of The Volume Element
Furthermore, the dimensionless equations for the time evolution of the
volume element dt¥ (cf. Ref. (41& [6]), read

IMHD: (dr0)+ i (a’r,) ~(Q,7,8) (7 - 5,) . . (3a)

’\ R - _ = o

——(dn) +—— (drl) += (ahz) =(Q7,8) (&, -d5, + @, -5, )

CMHD: ot (3b)
+ (Q,zjqc?) (G + il x V) dS, +J k(W) dedg

Cdt¥ = dtg + ddzy + 62d12 is a volume element enclosed between two
neighboring magnetic surfaces y = yq + 6y + 82\;12 = const., created by the

magnetic field F=B, +0B +5B, - The vector function G is defined by

~ {
\7((;-vwo):\7wox\{ﬁ L with

G+ xVu=j —{ 2 0]1}!

Furthermore, the function "A" is yet undetermined arbitrary flux function
which needs not to be zero, and vy, is the zero-order poloidai magnetic flux. In
Eq. (3) it is assumed that the system has been relaxed to its zero-order
equilibrium state

io= A )B,. and i, = u(¥,)B,

. . . ' T
These equations are employed consistently with the boundary conditions®L.
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The invariance property of the local mass integral on the imhd time-scale

The application of our multiple time-scale expansion scheme shown in Eq.
(2a), yields to the order & the following dimensionless equation for the time
evolution of the local mass integral on the IMHD time-scale

~ )

on, Jn, SLANPTEYE. (6).
=I(—a_t7+5l:)dr°+jn°(c?t. 05, 2

oMY
ot

IMHAD
By employing Eq. (1) and (3) together with the normalizing rules[4], we then

obtain Eq. (6) in its dimensional form:

eMY
ot

= "'IV : (Poﬁo)dfo & q'po({‘o : d§0) =0. ™

IMHD

This means that on the IMHD time-scale the local mass integral is conscrved
for each flux tube. This result is consistent with Taylor's conjecturem
concerning the nature of the IMHD invariant of motion. If we assume that the
plasma is surrounded by a rigid, perfectly conducting wall so that the plasma
boundary coincides with the outermost magnetic surface, then naturally we also
obtain for the global mass integral

A MC| _ [é‘po dr.—_—IV-(pnl_lo)dTEO : {8)

- s
7 =gl
ol ‘ IMHD @i

Thus, on the IMHD time-scale, the global mass integral is also an invariant of
motion.

The invariance property of the mass integrals on the mhd-collision timescale

Fiist, we investigate the time cvolution of the local mass integral for each

flux tube. Similarly, the next order in-our expansion scheme yields for the time
evolution’on the MHD-collision time-scale the following dimensiral form,

N

MY |- ' 3p, édr, ddr
b l = I(———wap i o ')drg + j‘('T—j+ = 'JP(; *
ar | a1, 8L at; &ty

CMHD £

9

ap, adr,
o ikn 2
515:, 5+ 6 ]n at,
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Assuming that the plasma has been relaxed to its zero-order equilibrium state,
and applying the boundary conditionl ], we then end up with

oMl _ | » (G + i1y x Vi) 5y + [[nodoh(¥c)d0dp
()‘I CMHD ’

=6 [(G, — AB,)-d5, + [[rodoh(¥,)d0dp 0 (10)

Thus, on account of the first-order magnetic flux as well as the first-order
Current across the magnetic flux surface the local mass integral, on the
MHD-collision time-scale, is no longer conserved. On the other hand, by
assuming that the plasma is surrounded by a perfecily conducting wall, it can be
easily shown that the global mass integral is conserved. Thus, it can be
concluded that during the evolution of a slightly non-ideal plasma on the
MHD-collision time-scale, unlike to Kondoh's argumentm, plasma particles arc
allowed to move across the manetic field lines and to rearrange themselves such
that the global mass integral remains constant. Earlier similar argument has been
drawn by Avinash[?! (o interpret the evolution of a slightly non-ideal non-neutral
plasma. Furthermore, it is now obvious that the conjecture drawn by Kondoh[3!
is no longer valid.

Summary

A multiple time-scale approach has been applied to investigate the invariance
property of the local and the global mass integrals. On the IMHD time-scale, the
local mass integral is conserved for each flux tube. On the MHD-collision
time-scale, the invariance property of the local mass integral is violated due to
the first-order magnetic flux as well as the first-order current across the magnetic
flax surface. Finally, one concludes that during the evolution of slightly
non-ideal neutral plasma on the MHD-collision (CMH) time-scale, a complete
rearrangement of the plasma particles within the whole plasma volume is
permitted such that the global mass integral remains constant.
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