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Question 1: (35 marks)

1. If w=e" " and W,, — YW, -xw_+xyw =0, find values of a and b.
2. If the vector u(X,y,z) =u,(X,y,2)i+u,(X,y,2) j+ u;(X,y,z) k and the

function F= f (x,y,z), Prove that
a) VeVxu=0 b) VxVF=0
3. Find the equations of the tangent plane and normal line to the ellipsoid

%xz +3y’ + z° = 6 at the point (2,1,0).

4. Find the extrema of the function F(x,y)=3x> +y* —9x +4y.
5. What is the greatest area a rectangular can have if the length of its

diagonal equal 4.0 .
Question 2: (20 marks)
1. Evaluate the integral J J e YD gx dy and R is the region bounded by

R
the two circles x> +y* = 1.0 and x* +y* = 4.0 .
2. Find the volume of the region bounded by parabolic cylinder z = 4 —x?
and the planes x=0 , y=0, z=0 and y=6.0.
3. Find the volume bounded by z=x* +y* and plane z=4.0 (use
cylindrical coordinate).
Question 3: (16 marks)

1. Evaluate by Gauss's theorem j J [x dydz+ydzdx+zdx dy]where Sis
S
the surface bounded by cylinder x* +y? = 9.0 and the planes z=0 and
z=3.0.
(3.2)
2. Prove that the integral j (ye™ dx +xe™ dy)is path independent and
(1,1
evaluate it.

Question 4: (16 marks)

o Test the following series:
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Question 1: (35 marks)
2,102
3. If w=e™"" and W, —yYW, -xw, +xyw =0, find values of a and
b.
Solution:

2 1,2
w = e +by

2 2 2 2 2 2
w =2axe™ ™ | w =2bye™™ | w =4abxye™ ™
X y Xy
Substitute w, wy, wy and wy, into W, —YW, -xw, +xyw =0
We obtain
4ab —2a - 2b + 1 =0, then a=0.5 and b=0.5

4. If the vector u (x,y,2z) =u,(X,y,2)1+u,(X,y,2) j+ u,(X,y,z) k and the
function F= f (x,y,z), Prove that

b) VeVxu=0 ¢) VxVF=0
Solution:
a) VeVxu=0
o 0 90
0x 0Oy 0z
VOqu:i i i:i 8u3_6u2 —i 8u3_8u] +i %2_% =0
ox o0y 0z| Ox| oy 0z oyl 0x 0z | 0z| 0x Oy
u, u, u,
b) VxVF=0
I j k
o o0 0 0 0 0 0 0 0
S I K T By Ay N [y 0
x o o {ayfz azfy} [axfz 8fo}1 {axfy ayf"} -
fo L

3. Find the equations of the tangent plane and normal line to the ellipsoid

%xz +3y’ + z° = 6 at the point (2,1,0).

Solution:



F= %x2+3y2+ z’— 6

3

x1(2,1,0) = 2X :3

=6y|,, =6 E 22|

’ y‘(z,l,m N L)

(2,1,0)

The equation of tangent plane:
X+2y=4

The equation of the normal lines:
x-2 y-1

3 6
x—2=3t , y-1=6t , z=0

(2,1,0) =

0

4. Find the extrema of the function F(x,y)=3x> +y* —9x +4y.

Solution:

F(x,y)= 3x° + y2 -9x +4y

F =9x>-9 , F =2y+4

F, =18x , E,=2 , F, =0

The critical points are (1,-2) and (-1,-2)

A=36x
point Fxx Fyy A conclusion
(1,-2) +ve +ve +ve Min. point
(-1,-2) -ve +ve -ve Saddle point

5. What is the greatest area a rectangular can have if the length of its

diagonal equal 4.0 .

Solution:

g(x,y) = (Diagonal length)*= x> + y* =16
f(x,y) = area of rectangular = x y

fon,
gX gy
y

o2 h we get x =y then x’=8
2x 2y
the greatest area = 8

Question 2:

(20 marks)




4. Evaluate the integral j J e YY) gy dy and R is the region bounded by
R

the two circles x> +y* = 1.0 and x* +y* = 4.0 .
Solution:

”e‘(XZWZ) dx dyzzf j e"r dr dG:ﬂ(e" —e‘4)
0

R 1

5. Find the volume of the region bounded by parabolic cylinder z = 4 —x?
and the planes x=0 , y=0, z=0 and y=6.0.

Solution:

v
<

g

X

Volume=j j Tz dzdxdy:j j(4-x2)dxdy=32
0 0 0

0 0

3. Find the volume bounded by z=x? + y* and plane z=4.0 (use
cylindrical coordinate.

Solution:



y >
X
2r 2 4 2 2
Volume=[ [ [rdzdrdo=[ [r(4-r’)drdo=8r
0 0o 00
Question 3: (16 marks)

3. Evaluate by Gauss's theorem j J [x dydz+ydzdx+zdx dy]where Sis
S

the surface bounded by cylinder x* +y? = 9.0 and the planes z=0 and
z=3.0.

Solution:

F=xi+yj+zk, VeF=3
2r 3

1=j j j3r dzdr d0=81rx
0

0 0

(3.2)
4. Prove that the integral j (ye™ dx +xe™ dy)is path independent and
(L)
evaluate it.

Solution

P=ye" , Q=xe”

oP 3]0
—=e"(1+x ) — =c”(l+x
5 ( y) o ( y)



since

oP 0
%0 =¢" (14 xy) then the integrals is independent of path.
oy
y A
(3.2)
(1,1) (3.1)
Along y=1 , dy=0
x=3
[ = jexdx =¢’—e
x=1
Along x=3 , dx=0
y=2
I, = I3 e” dx =e®—e’ then,
y=I
I=1, + L=¢’ - ¢
Question 4: (16 marks)
e Test the following series:
e) i ;
p_— 3n + l 3
1
We have 3 and z — 1s a geometric series and converges, then
3 ++/n
By comparison test the series converges.

nZ::‘ 3“+\/_

n Yy

n=1

=

By ratio test

n__n+l
n—»w 5 n n—om

n+1

. 5"n . n Y
lim =lim 5(—) =5 > 1 then the series diverges.




3n

g)z

n=1

By Cauchy test

In" 2n +1)

lim o 3 =lim 3 =0<1, then the series converges.
e \n" 2n+1) = In(2rn+1)

=
MS
—

= (2n)!

By ratio test

i (@D @02

(n+1)°

e (n42) ()1

im =
e (2n+2)2n+1) 4

< 1, then the series converges.



