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Abstract

In this paper, the concept of bi-univalency is extended to the Te-
univalency associated with an operator. Furthermore, we introduce
a new subclass of analytic and Te-univalent functions in the open
unit disk associated with the Dziok-Srivastava operator. We find
estimates for the first two Taylor-Maclaurin coefficients |a;| and
las| for functions in this subclass, and we obtain an estimation
for the Fekete-Szegé problem for this function class. Our results
generalize and improve some previously published results.
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1 Introduction

Let A denote the class of all functions of the form:
f(2) :z—i—Zanz” : (1)
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. Also let
S denote the class of all functions in A which are univalent in U. According
to the Koebe one-quarter theorem Duren [6], it ensures that the images of U
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under every univalent functions f € S contains a disk of radius % . Thus, every
univalent function f on U has an inverse f~!, defined by

F7HfR) =2 (2€0)

and

sty =w (ol <nlin(n = 7).

h(w) = fHw) =w — ayw? + (2a5 — az)w® — (5a5 — Sasas + a4)w4 + - (2)

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. Let ¥ denote the class of all bi-univalent functions in U given
by (1). Some examples of functions in the class ¥ are %=, —log (1 — z), and
3log (1)

For the function f € A, let the operator T': A — A defined as:

Tf(z)=z2+ itnanz". (3)
n=2

In this paper, the concept of bi-univalency is extended to the class of func-
tions given by (3) defined on U. For this purpose, let Ts denote the class of all
functions given by (3), which are univalent in U. It is well known that every
function T'f € Ty has an inverse (T'f) ", defined by

(TH (T () =2 (z€U)
and

AT W) =w (lol <n(TAinTH 2 1)

where

(Tf)il (w) =w-— t2a2w2 + (2t§a% — t3a3)w3 — (5t§a§’ — 5t2t3a2a3 + t4a4)w4 4+

(4)

A function f given by (1) is said to be Te-univalent in U associated with

T, if both Tf and (Tf)~" are univalent in U. Let Ty denote the class of all
functions given by (1) which are Te-univalent in U associated with 7'

Remark 1.1

(i) For Tf = f we have Ty, = %;



16 Ahmed M. Abd-Eltawab

(ii) If t, # 1 for some n, we have
Tf(Th(w)) =w+2 [ty — t3] aqw® + ... # w,
where h given by (2).

For function f given by (1) and ¢ given by
o(z) =z + i by 2",
n=2
the Hadamard product (or convolution) of f and ¢ is defined by
(Fr0)(0) =2+ ab" = (6 ) (o)

n=2

For complex parameters s, ..., aq , 51, ..., Bs, and non-positive b’s, the gen-
eralized hypergeometric function ,Fj is defined by the following infinite series:

S (ag,
qu (Olla"'aaqaﬁla'"aﬁswz) - % (ﬁl)n(ﬁs)n n!’

where ¢ < s+1,¢q,s € Ny = NU{0},2 € U, and (), is the Pochhammer
symbol (or shift factorial) defined, in terms of the Gamma function I', by

) = DO+ _ : for =0
T 6(0+1)..(0+n—1) for neN

Corresponding a function h (ay, ..., ay; B, ..., Bs; z) defined by
h(aq,...,oq By Bs; 2) = 2 o Fs (aq, ..., aq; Bry oy By 2) (2 € U),
Dziok and Srivastava [7] considered a linear operator
H(ay,...,oq By, 0s) t A— A
defined by the following Hadamard product:
H(o, ooy 0g; Pry oo, Bs) f(2) = h(0y ooy ag; By ooy B3 2) % f (2) (5)

where g < s+ 1;q,s € Ny;z € U.
If f € Ais given by (1), then we have

H(on, aq; B B)f(2) = 24 ) TulassBilanz” (z€U),  (6)
n=2
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where
(1) g - (0g), 4 1

(/Bl)n—l (/Bs)n—l (n - 1)!.

To make the notation simple, we write

H, lag; B1] f = H(au, oy Qg B, s Bs)f-

The linear operator Hy, [a1; £1] is a generalization of many other linear oper-
ators considered earlier.
It easily follows from (6) that

2(Hyslo; B f(2) ) = anHyalon + 13 81) £ (2) = (01 — 1) Hyo [on; ] £ (2).

(8)

Let T&" [ay; 81] denote the class of all functions given by (6), which are

univalent in U. It is well known that every function H,  [a1; 51] f € T [as; B1]
has an inverse (H, s [a1; 51] )", defined by

g(Hq,s [al; ﬁl] f (Z)) =z (Z € U)

Ly [on; Bi] =

and
1
Hy. [on: Bu] f (9(w)) = w (|w| < ro(Hy [oss 1] F): rolHys [on: ] £) > —) ,

where

g<w) = (Hq,s [O‘I; 61] f>_1 (w)
w — Ty [ag; B1] agw® + [2 (D [an; Bi))? a3 — T3 ;1] az) w’

— [5(T2 [a; B1])* a3 — BTa [ar; Bu] T's [ Ba] azas + T [ors Ba] aa] w +(9)

and I',, [y B1] is given by (7).

A function f given by (1) is said to be Te-univalent in U associated with
the operator H,,[a1; 3], if both H, [ay;B1] f and (Hyslon; B f)~ are
univalent in U. Let T¢”® [aq; 41] denote the class of all functions given by (1),
which are Te-univalent in U associated with H, ; [a1; 51].

Remark 1.2
(i) Forq=2,s=1,a; = 1 =c¢, and ay = 1, we have Tg’l e, 1;¢] = X.
(i) If T, [oq; B1] # 1 for some n, we have:
H

where h, is given by (2).

ws [0 B1] f(Hys [an; Bi] B (w)) = w42 [Ts [an; B1] — (Do [an; B1])°] ajw+...
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For two functions f and g, which are analytic in U, we say that f is
subordinate to g, written f(z) < g(z) if there exists a Schwarz function s,
which (by definition) is analytic in U with s(0) = 0 and |s(z)| < 1 for all z € U,
such that f(z) = g(s(z)), z € U. Furthermore, if the function ¢ is univalent in
U, then we have the following equivalence, (cf., e.g., [5] , and [12]):

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).

Let ¢ is an analytic function with positive real part in the unit disk U,
which satisfies the following conditions:

¢ (0)=1and ¢ (0) >0

and is so constrained that ¢ (U) is symmetric with respect to the real axis.
Ma and Minda [11] unified various subclasses of starlike and convex functions
2/ (2)

consist of functions f € A satisfying the subordination =75= < ¢ (z) and
1+ 2L < 5 (2) respectively. A function f is bi-starlike of Ma-Minda type

f(2)
or bi-convex of Ma-Minda type if both f and f~! are respectively Ma-Minda

starlike or convex (see [1]). Many interesting examples of the functions of the
class X, together with various other properties and characteristics associated
with bi-univalent functions can be found in the earlier work studied by Lewin
[10], Brannan and Clunie [3], Netanyahu [13] and others. Brannan and Taha
[4] (see also [23]) introduced certain subclasses of bi-univalent functions similar
to the familiar subclasses of univalent functions consisting of starlike, convex
and strongly starlike functions. They investigated the bound on the initial
coefficients of the classes bi-starlike and bi-convex functions. Recently, many
researchers (see [17, 22, 24, 9, 1, 19]) introduced and investigated some new
subclasses of 3 and obtained bounds for the initial coefficients of the function
given by (1). For a brief history and interesting examples in the class X (see
[21)).

Earlier in 1933, Fekete and Szego [8] made use of Lowner’s parametric
method in order to prove that, if f € S and is given by (1),

ag—uaglﬁl—l—Zexp(—%) 0<A<1).

For some history of Feketo-Szego problem for class of starlike, convex and
close-to-convex functions, refer to work produced by by Srivastava et al. [20].
Besides that, some authors [14, 16, 25] have studied the Feketo-Szeg6 inequal-
ities for certain subclasses of bi-univalent functions.

The object of the present paper is to introduce a new subclass of analytic
and Te-univalent functions in the open unit disk associated with the operator
H, s [a1; 51] based on the Ma-Minda concept, and the bound for second and
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third coefficients of functions in this class are obtained. Also the Fekete-Szego
inequality is determined for this function class. Our results generalize and
improve several well-known results in [1, 9, 14, 15, 16, 21, 25] and these are
pointed out.

In order to derive our main results, we have to recall here the following
lemmas.

Lemma 1.3 [18] If p € P then |cx| < 2 for each k, where P is the family of
all functions p analytic in U for which Rep(z) > 0, p(z) = 1+c1z+co23 +c323+
- forz e U.

Lemma 1.4 [26] Let k,l € R and z1,22 € C. If |z1] < R and |25] < R
then
2|k[ R for |k| >l
(k+1) 214+ (kE—1) 2| <
2(I|R  for |k| <]

2 Coefficient bounds of the function class
TZq]’S [al; 617 ¥, A]

We begin this section by assuming that ¢ is an analytic function with positive
real part in U, which satisfies the following conditions:

¢(0)=1and ¢ (0) >0

and is so constrained that ¢ (U) is symmetric with respect to the real axis.
Such a function has a series expansion of the form:

gp(z) =1 + Blz -+ BQZZ + 3323 + ... (Z c U) (10)

where By, By, Bs, ... are real and By > 0.

Unless otherwise mentioned, we assume throughout this paper that, the
function ¢ satisfies the above conditions, ¢ < s+ 1(q,s € Ny), oy > 0, and
zeU.

Definition 2.1 A function f given by (1) is said to be in the class T&”® [aq; B1, @, A
if the following subordination conditions hold true:

Hq,s [al; 61] f (Z>

z

(1—A) FA(Hys[o 1] f(2) <9(2),  (11)

and
1= g w) <o), (12)

where the functions Hy s [aq; f1] f and g are given by (6) and (9), respectively.
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Note that for appropriate values of parameters involved in the class T8 [a1; B1, @, A],
there are several previously defined classes. These special cases are given as
follows:

a,b,c

(i) TZ" [a,b; ¢, p, \] improves the class Bg” (¢, A) which was introduced and
studied by Omar et al. [16];

i) T2 [a,b; ¢, ¢, 1] improves the class H%" (¢) which was introduced and
= D
studied by Omar et al. [16];

(iii) T2 [c, 1;¢, 9, A\] = Bs (p,A), where the class By, (¢, \) was introduced
and studied by Omar et al. [14];

(iv) Tg’l e, 1;¢,0,1] = Hx (), where the class Hx (@) was introduced and
studied by Ali et al. [1];

(v) T2 [e, 1, (2£2)°, )\] — B (¢, \) (0 < ¢ < 1), where the class Bs (¢, \)

1-z
was introduced and studied by Frasin and Aouf [9];

(vi) Tg’l -c, 1;c, 1+(11:22")Z, /\] = Bs (n,\) (0 < n < 1), where the class By (n, A)

was introduced and studied by Frasin and Aouf [9];

1—z

(vii) Té’l _c, 1;¢c, (1+z)< , 1] = ”H; (0 < ¢ <1), where the class 7-[% was intro-
duced and studied by Srivastava et al. [21];

(viii) 72" _c, 1;c, 1+(11:22’7)Z, 1] = Hx (n) (0<n<1), where the class Hs (1)

was introduced and studied by Srivastava et al. [21].
Theorem 2.2 If f given by (1) be in the class Ty® [cu; B1, @, A], then

BivVB;
Dy [on; 1] /(27 +1) B + (By = By) (1 + )]

|ag| < (13)

and
B, B%

_l’_
2)‘+ 1) F3 [al;ﬁl] (>\+ 1)2 F3 [Ozl;ﬁl]
where T, [aq; B1] is given by (7).

|as| < ( (14)

Proof. If f € T¢" [aq; f1, ¢, A], from (11), (12), and the definition of sub-
ordination it follows that there exist two functions where v and v in U are
analytic functions with « (0) = v(0) = 0 and |u(2)| < 1, |v(w)|] < 1 for all
z,w € U , such that
H,slaq; B z /
(1= Boslos PTGy (s £ = o)), (15)

z
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and (w)
g w /
(1 =) ==+ A9 (w) = ¢ (v(w)). (16)
We define the functions p and ¢ in P given by
1+u(z
p(Z) = 1——UEZ§ = 1—|—p12—|-p222—|-p323+..., (17)
and . )
+v(z
It follows from (17) and (18) that
p(z)=1 p_ 1 P\ o
= — — - = 1
and () -1 . )
qlz) — T qq 2
21\ - 2 - - = 2
v (2) 1) 11 22+2(q2 2)Z+ (20)

Using (19) and (20) with (10) lead us to

—1 B 1 2 1
p(u(z)=¢ <]L1) =1+ 12p12+ [5 <p2 pl) Bl+—p2Bg} 24

p(z) + 2 41
and
4 "\ +1 2 g\ BTy )T

On the other hand,
(1= A) HoslosBlI@) 5 ({1, oy 8] [ (2)) =
L+ (A4 1) Ty [og; Bi] agz 4+ (2A + 1) T [ay; fi] as2® + ...,
and
(1= 22 4\ (w) =
1-— ()\ + 1) PQ [Oél,ﬁ,’)/] asw + (2)\ -+ 1) (2 (FQ [061; Bl])Q ag — P3 [Oél; 61] CL3) w2 + ...

Now, equating the coefficients in (15) and (16), we get

(\+ )T for; B ar = DL 1)

1 2 1
2N+ 1) T3 [og; 1] as = 5 (pz — %) B + ZP%B% (22)
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Biqx

— A+ D)y far; i) ag = 5

(23)

and

(J% 1,
(Q2 - 3) B, + Z%Bz- (24)

DO | —

(2A+1) (2 (T2 [a; B]) a2 —Ts[on; B ag) =

From (21) and (23), we get
P1=—q (25)

and B2
2(A+ 1)2 (T2 [o; 51])2 az = Zl (P% + Q%) : (26)
Now from (22), (24) and (26), we obtain

By, — B
(P2 + q2) + 24 1@%‘**]%)

2 (Bz — Bl) ()\ + 1)2 (Fz [ozl; 61])2 CL%
B? '

22\ + 1) (T2 [ou; B1])* a3

21
2
B
71 (p2 + q2) +

Therefore, we have

a2 _ Bi)) (pQ + (]2) (27)
2 4Dy lay; B1))° [N +1) B2 + (B) — By) (1 +A)°]

Applying Lemma 1.3 for the coefficients p, and go, we immediately have

BB
Do [n: 1) /| @A+ 1) B + (By — Bu) (1+ )

las| <

This gives the bound on |ay| as asserted in (13).
Next, in order to find the bound on |as|, by subtracting (24) from (22) and
using (25), we get

220+ 1) T3 [o; i) as — 2 (2A + 1) (T2 [o; A1) a3

1 pi 1, 1 i 1,
= - ——= | B{+ -piBy — — — =B, —-g'B
2(172 2) 1 4]91 2 5 q2 5 1 4611 2

1
= 531 (P2 — q2) - (28)
It follows from (26) and (28) that

B2 (2A+1) (p2 + q2) 1
22N+ 1) T3 [on; =1 L 4B —
( ) U3 [ag; 1] as 10N 1)2 5B (p2 — q2)
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and then,
s = Bt (pi + &) Bi (p2 — ¢2)
8()\4‘ 1)2 F3 [al;ﬂl] 4(2)\+ 1) F3 [al;ﬁl]
Applying Lemma 1.3 once again for the coefficients pq, po, g1 and ¢o, we readily
get

B} By
2 + :
(A+1)°Ts s 81]  (2A+1) Is [au; B4
This completes the proof of Theorem 2.2.
Taking ¢ = 2,s = 1,a; = a,as = b, and f; = ¢ in Theorem 2.2, we

obtain the following corollary which improves the result of Omar et al. |
[15], Theorem 2].

las| <

Corollary 2.3 If f given by (1) be in the class Te" [a,b;c, ¢, ], then

BV By

las| <
Ty fa,bic] /|20 +1) BY + (By — Ba) (1+ )

and
B, Bf

+
2X+1)Tga,bic] (A4 1)°T3[a, b; ]

las| <
(

where
(a)n—l (b)n—l 1

(€py  (n=11

Taking A\ = 1 in Corollary 2.3, we obtain the following corollary which
improves the result of Omar et al. [[15], Theorem 1].

Ly la,b;c] =

Corollary 2.4 If f given by (1) be in the class To" [a,b;c, ¢, 1], then

Biv/ By

|az| < =
Ty [a,b; ] \/|3B% + 4 (By — By)|
and
‘CL | < i 1 + i
=T, [a,b;c) \3 4
where ) ) .
Fn [a7 b, C] _ (a n—1 n—1 :
(C)nfl (77/ - 1)
Remark 2.5

(i) Taking ¢ =2,s =1,a; = 1 = ¢, and ay = 1 in Theorem 2.2, we obtain
the result obtained by Omar et al.[[14], Theorem 2.2];
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(i) Taking q = 2,s = 1,01 = 1 = ¢, and ey = X\ = 1 in Theorem 2.2, we
obtain the result obtained by Ali et al.[[1], Theorem 2.1];

(iii) Taking q=2,s=1,a1 =1 =c,aa =1, and p = (Hz) (0<(<1)in

Theorem 2.2, we obtain the result obtamed by Frasin and Aouf [[9], Theorem 2.2];

(iv) Taking q =2,s = 1,04 = 1 =c,as =1, andgpz% 0<n<1)

in Theorem 2.2, we obtain the result obtained by Frasin and Aouf [[9], Theorem 3.2];

(v) Taking ¢ = 2,5 = Lay = B = c,ay = A = 1, and p = ()¢

(0 < ¢ <1)in Theorem 2.2, we obtain the result obtained by Srivastava
et al.[[21], Theorem 1];
(vi) Taking ¢ = 2,8 = l,aq = f1 = c,ag = A =1, and ¢ = @
(0 <n < 1) in Theorem 2.2, we obtain the result obtained by Srivastava
et al.[[21], Theorem 2] .

3 Fekete-Szeg6 Problem for Function Class
Tgs [al; 517 ©, A]

Theorem 3.1 If f given by (1) be in the class Ty® [ou; Br, @, A], then

[

By

— g Lslaaihl
(2A+1)T3]cv1;61] fOT ‘1 M(F2[a1 iB1])? ’1 +
2
as — pas| <
3 /’L 2‘ — Bi)’ 1—p F3[o¢1;51]2 [
(Taley;81]) . I's
Dafan;B1][(2A+1) B2 +(B1—B2) (143)°| for ‘1 M(FQ[al 61)° ‘1 N

where p € C, and Ty, [an; B1] , k = 1,2, are given by (7).

Proof. If f € T&’ [ay; 81, p, A] like in the proof of Theorem 2.2, from (28)
we have,

(I'y [ 51])2 2 Bi (p2 — q2)
T Talan il 2T 2@+ )T jons Bl (29)

; ; (Talon;Bi])®
. Multiplying (27) by Foaead — 1) we get

ool N oo B ra) v
I's [a1; B1] 2 Ay [ar; B [(2A+1) B2 + (B, — By) (1 +))’]
(30)

Bo)(14+))?

(2A+1)32

B2)(1+))?

(2>\+1)B2
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Adding (29) and (30), it follows that

1= oy | (40 ) (40~ )

and it follows

B 1 1
2 1
_ -2t - I -
% = 1] = I Ton B ( W+ ax s 1)) P2 ( )= on s 1)) =
(32)
where
B% (1 — F3[041;51]2>
L (,u) _ (FQ[aUﬁlD

[(2A+1) B} + (B1 — Ba) (1 + \)?]

Since By, By, Bs, ... are real and By > 0, |p2| < 2 and |g2] < 2 and applying
Lemma 1.4, we conclude that

B 1
onma 1 LWl S i

asar 1Ll for [L (W) > o

This completes the proof of Theorem 3.1.
Taking 4 = 0 in Theorem 3.1, we obtain the following corollary which
improves the corresponding result in Theorem 2.2.

as —Ma§| <

Corollary 3.2 If f given by (1) be in the class T&® [on; Br, ¢, A], then

B Bi-B —2(22+1)
(2)‘+1)F;[0¢1§51] fOT le * € <_OO’ (1+/\)2 i| U [07 OO)
las| < \
B B —2(20+1) —(2A+1) —(20+1)
Tala1;81]](20+1) B2 +(B1—B2) (14+3)°| Jor ‘< [ (1+0)? 7 (142)? > Y ( (1+2)? 70]
where Ty [aq; B1] , k = 1,2, are given by (7).
Taking ¢ = 2,s = 1,01 = a,ay = b, and 1 = ¢ in Theorem 3.1, we obtain
the following corollary which improves the result of Omar et al.[[16], Theorem 2].
Corollary 3.3 If f given by (1) be in the class To" [a,b;c, ¢, ], then
B I'sa, —Ba)(1+))?
T for |1 = nipi] < |1+ CoRE
2
— <
,LL(Z2’ - B31—u Tzla,bic]
i (T3 la,bic)2 for ‘1 . Tslaby] ‘1 n (B1—B2)(14)?
Fg[a,b;c}|(2x\+1)B§+(Bl—Bz)(1+>\)2| ”(F2[abc)2 - (2x+1)B?

(a)n—l(b)n—l 1

where p € C, and T, [a, b; c] = 1 (D"
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Taking A = 1 in Corollary 3.3, we obtain the following corollary which
improves the result of Omar et al. [[16], Theorem 1].

Corollary 3.4 If f given by (1) be in the class Té’l la,b; c, @, 1], then

_ B . I'z[a,b;c] 4(B1—B2)
3L3[a,bic] for ‘1 P Talabi)? <1+ 3B2
2
|as — pas| <
I'3a,b;c
B? 1w (FQS[EL,b;C]])Q fOT ‘1 _ I'3a,b;c] > |1+ 4(B1—B2)
F3[a,b;c}|33%+4(31732)| #(Fg[a,b;c})Q - 3B?

(a)p—1(0),,_q 1
(€)p_1 (n—1)t"

where € C, and T, [a, b; c] =

Remark 3.5

(i) Taking q =2,s =1,a1 = 1 = ¢, and ay = 1 in Theorem 5.1, we obtain
the result obtained by Omar et al.[ [14], Theorem 2.7];

(i) Taking g =2,s = 1,a1 = 1 = ¢, and ag = X\ = 1 in Theorem 3.1, we
obtain the result obtained by Zaprawa [[25], Theorem 1];

(iii) Taking q =2,s = 1,010 = 1 = ¢, and as = 1 in Corollary 3.2, we obtain
the result obtained by Omar et al.[ [14], Corollary 2.9];

(iv) Taking q =2, = 1,00 = 1 = ¢, and ay = X\ = 1 in Corollary 3.2, we
obtain the result obtained by Zaprawa [ [25], Corollary 2].

4 Conclusions

In this paper, we defined a new subclasses of analytic and Te-univalent func-
tions in the open unit disk associated with the operatorr H, s [a1; 51] based on
the Ma-Minda concept. For the functions belonging to these subclasses, the
estimates of second and third Taylor—-Maclaurin coefficients are obtained. Also
the Fekete-Szegd inequality is determined for this function class.

5 Open Problem

We mention that all the above estimations for the first two Taylor-Maclaurin
coefficients and Fekete-Szegé problem for the function class T4 [a1; 81, ¢, Al
are not sharp. To find the sharp upper bounds for the above function class, it
still is an interesting open problem, as well as for |a,|, n > 4.

Acknowledgment. The author would like to thank the referee for making
useful corrections which led to the improvement of the paper.
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