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Summary

The purpose of this thesis is to define and study properies for
certain classes of univalent and p « valent functions defined in

the open unit disc U EE X |4 &1 where B is the
complex plane. These classes are defined by using some linear
operators, integral operators, Hadamard product (or
convolution) and higher order derivative .

Let A denote the class of all functions of the form
®

OO 2= a, A
ki
which are analytic in U . Also let S denote the subclass of
functions of A which are univalent in U. Further let 7 the
subclass of S all functions of the form:
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For two functions ¢ and g2 in A  given by

®
2O0H 2[5 b A, _
ki the Hadamard product (or convolution)

O g s defined by

©)
O gWOH 2= a, b, 7 HQ@ S AHO
ki

Definition 1 [70]. A function S is said to be starlike of

order € if and only if
{2 o

for some € @ <-OEI1C and for all zH U. The class of all
starlike functions of order € is denoted by S'@

Definition 2 [70] - A function ¥ belonging to S is said to
be convex of order ¢ if and only if

Re{l } @G
OO0

P

for some € @ <-OEI1C and for all zH U. The class of all
convex functions of order € is denoted by K(&

The classes S'@ and K@ were studied subsequently by
Schild, [74], MacGregor, [53], Jack, [38], Pinchuk, [68] and
others.

One can see that
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Definition 3 [34]. A function ¥ S s said to be close-to-
convex of order ©M0 <-OWI1C | if there exist a function

S* such that
*{Z;—:;::} @@ zH U.

We denote by C.€® the class of all close-to-convex functions

of order € (see Goodman [34]) .
Also, we note that:

K QS QC,00%C, ]S,

where C¢ is the class of all close-to-convex functions (see
Kaplan [44]).
We note that:

T'(OVH S* (VT Tand CABVUHE K@UT T.

Goodman, [35] introduced and defined the following
subclasses of K and S° . A function M8 A s said to be
uniformly convex (uniformly starlike) in U if % isin K
@°¢  and has the property that for every circular arc ¢
contained in U , with center * alsoin U, the arc f# is
convex (starlike) with respect to &% . The class of uniformly

convex (starlike) functions is denoted by UCV and UST,
respectively.



Definition 4 ([35],[52] and [71]). A function ¥ A s said
to be in the class of uniformly convex functions, UCV | if it

satisfies the following condition:
Red1 A LAY 6o e
o0 OO
Further, a function MO39 A s said to be in the class of

uniformly starlike functions, US7 , if it satisfies the following
condition:
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The class UCV was introduced by Goodman [35] and Ma

and Minda [52]. The class US7T was introducing by
Goodman, [36] and Ronning, [72]. One can see that

UCVe OO UST

251‘ OBH U0

In [72], Ronning generalized the classes UST and UCV by
introducing a parameter @M < O< 1€ in the following way.

Definition 5 [72]. A function 3 A s said to be in the

class of uniformly starlike functions of order € , UST®®& | if
itsatisfies the following condition:

Replacing % in (3) by '@ we have the condition:
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required for the function ¢ to be in the class UCVE&  of
uniformly convex functions of order € . One can see that
BVE UCVe 2 OUF USTRV
Kanas and Wisniowska [42] and [43] introduced the classes of

¢ -uniformly convex functions @=UCV @ -OEO and € -

uniformly starlike functions &@=UCV D <-OEG | ag
follows:

Definition 6 ([42] and [43]). A function M A s said to be

in the class of ©= uniformly convex functions, @«UCV | if it
satisfies the following condition:

Re{l } m%%" @x0:22 UO

<

o0

From (2), we can easily see that the class ©@=UST, of € -

uniformly starlike functions is associated with &=UCV by
the relation

OxUCV o 2O O=UST.

Thus, the class @=UST | is the subclass of A satisfies the
following condition:

£0Q0 £ Q0
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Definition 7 ([76], [62] and [10]). A function #3% A s said
to be in the class of uniformly starlike functions of order ¢

and type ¢, USTRQAXH < OhE1, OR0Q |f it satisfies the
following condition:

Re{ Zfeozf@} X %ﬂﬂuzl
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Definition 8 ([62] and [10]). A function M A s said to be
in the class of uniformly convex functions of order ¢ and

type ¢ , UCVWBAXM <OLI1,OR00Q if it satisfies the
following condition:

Re 1/@;@ X i M ¢OR1:ER0:28 UO
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From (4) and (5), we have
003 UCVBAYr 7 OVF USTREAY
We note that:
GUUSTM, 1 OF USTand USTR®)1 O USTVER)

GOUCVO, 1 OF UCVand UCWEE)1 Odl UC VAV

For complex or positive real parameters &....€&  and

Q,....a



@ U XPLELEH0, ,2,...;jH1,2,...,5  the generalized
hypergeometric function ofs&,....G,Q,....,& 2 i5 defined
by

®
@|Q..®Y
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where . is the Pochhammer symbol defined in terms of
the Gamma function = by

) =
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Using the function
h(@aa@a@aa@aﬂZqFS(@aagaaaa@azu

Dziok and Srivastava (see [29]) defined the linear operator

HL],S‘@)"WQ;@V
LAQOUA K A, by

H,Q,...,G:Q,...,QudE®,...,G;q,..., @; A%V
o
B = =@, 7 05U

ke

where

By, . ®Y,

For brevity, we write
H, @ UOVHH,(®,,...,Q;4,..., ;20000



Specializing the parameters @,8,&,9 and s , we obtain
many linear operators studied by various authors (see Carlson
and Shaffer [21], Hohlov [37], Ruscheweyh [73], Owa and
Srivastava [66], Choi et al. [28], Noor [58], Cho et al. [24],
Bernardi [18] and others).

Jung et al. [40] introduced the following one-parameter
families integral operators

0800 (@H@) FQ el N D0;0D A0
J3AY) OH0, O 4 O

and

ool A 2§ e @900
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For U3 A given by (1), we deduce that

OO ('-U HE KO
QERVH 2 == =10 52 O = =k
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and

I@IQUHZ (E) “ad @no0

From (7) and (8), it easﬂy to verify the following identities:
AV HW HE@ O -1 WINVAE AP 0 (BR0; OD 4 Q

and

Z(I@Eﬁ@’:’mz@mgg@gm @200



Putting ©Hv &<, OHl, we note that
QLOVEJ, @ L p4 ot
0

®
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where Jv is the Bernardi-libera-livingston integral operator
(see, [28], [32] and [65]).

Let SpL denote the class of p £ valent functions of the
form:

©
ovdz E& a2 (pl o),
kb

and 5@, n¢ denote the class of p~< valent functions of the
form:

©
ovdz E& a2 (pl o),
kb=

which are analytic and p# valent in U . We note that
SO, 10HSPH agnd SO, 10HS.

Let ¢ denote the class of all functions of the form:
®
OB L = &) a7 (ak X0;p O),
kb

which are analytic and p# valent in U . We note that
TOHT.

Let %, n¢ denote the subclass of S®,n¢ of functions of the

form:

®
OB L = &) a7 (ak X0;p B O),
kbl



We note that 79, 1 O T
Let “ denote the class of meromorphic functions of the form:

©
OvEL = a,7,
nH
which are analytic in U* BUVOY If gBOE < be given by
©
L
20 L =) b,
nHd

then the Hadamard product (or convolution) of ¢ and g0¢
is given by

®
0 oH0E L anb, 7 HQ@ S ANV

ndl

Denote by “» the class of analytic and univalent functions in

the punctured disc U® of the form:
®
ﬂUHlZ a, 7" (an ):IO) :
nd

Let “®Y denote the class of meromorphic p# valent
functions of the form

®
ma% =) 2, 27 P E NQ
ke

which are analytic in U® . For p H1 we have “QUH<
Let “»P¢ be the class of missing functions of the form:

®
ﬁoaﬁ aZ @8U%0
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Using the generalized hypergeometric function

L]FS‘@V' <o @a @a" ) @’Z! deﬁned by (6)’
Liu and Srivastava [50] (see also Aouf [5]) defined the

operator Mp.qs€®8 € 35 follows:

mp‘@aa@a@aa@awaz@ qFS(@a"'agaga"'a@;Z(,
consider the linear operator

which is defined by means of the following Hadamard product
(or convolution):

M,R,....,&;Q,...,. QUO0HEm,®,...,G; q,..., Q; 2% NV

For a function MO8 “,®¢ we have

)
M, .8 OFM,@,....,C;Q,..., QUEz? %5500 On; #

kigb
@ <sl=1;9,s8 @, z8 UQ
where, for convenience,
%0 Ol LT THEPNEPSY
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This thesis consists of five Chapters.

Chapter 1

This chapter is considered as an introductory chapter and
consists of six sections:



In Section 1.1, some basic concepts of univalent functions are
introduced.

In Section 1.2, definitions of uniformly convex (starlike)
functions are introduced.

In Section 1.3, some linear operators associated with analytic
functions are defined.

In Section 1.4, basic concepts of p=« valent functions are
introduced.

In Section 1.5, basic concepts of meromorphic univalent
functions are introduced and contains the definitions of the

classes “B®H and <@ 7Y

Definition 9. [45]. For 0 ¢ O&1 and 0 % #&1, let “(B*H

denote a subclass of ¢ consisting of functions of the form
(12) satisfying the condition

Re 400 @O dHUO
W =1 YOV =1 QO

Furthermore, we say that a function % @7 whenever
3¢ i of the form (13) and satisfying (16) .

In Section 1.6, some basic concepts of p= valent
meromorphic functions are introduced.

Chapter 2



This chapter consists of seven sections. The first section is an
introductory section and contains the definitions of the classes

Sn‘pa%@ and Cﬂ‘pvqag
For function ¢ defined by (11), we define the classes
S:?,¢ X and C,P.q A as follows:

A,
Snfp,q,@)ﬁ{f T}, nO: Re(Zf m’) ©OaH u%,

AH0
and
%0
C. D, q, @Uﬂ{f T}, n: Re(l Ezip@mJ ®OQH U%,

where, for each fF T®,nQ we have

®
AOHE AP, gO = @) &N, g, L,

k(5
and

1 HOO

S,0d—L _d g

Oz D10, 010 G %00

In Section 2.2, contains the definition of the class
TCu®,q,n, AN E No € 35 follows:

Definition 10. A function #2¢ defined by (11) and belonging

to the class T®.n¢ is said to be in the class TCu®®,q,n & if it
also satisfies the coefficient inequality:



©

k m

@ (p—ffg) & g =GR, qQ, < P =g =D, gO
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In Section 2.3, growth and distortion theorems for functions in

the class TCu®,q¢,n & are obtained.
In Section 2.4, closure theorems for functions in the class

TC,q, 0, & are obtained.
In Section 2.5, extreme points for functions in the class

TCn®,q,n, & are obtained.
In Section 2.6, modified Hadamard product for functions in

the class TCxn®.q.n, & are obtained.
In Section 2.7, radii of close-to-convexity, starlikeness and

convexity for functions in the class TCu®.,q,n & are obtained.

Chapter 3

This chapter consists of two sections. The first section is an
introductory section and contains the definitions of the classes

ST, @A | CI,{®3A& and UL.®EH and the definition of
Hoélder inequality.

Let TOU denote the class of analytic functions in U of the
form:

&)
DOHE z =& 2 & (ap 20;08 ONVER3,..... V) .

kieh

Also we define the classes ST.®@& and Cl,®@A g5
follows:



£00 £ G0
B TO: R HO> & — =1
ST,.(®AVHE e{ 00 } OO ,
0 <-OF1;O%0;z8 UO
and
£8 TOO: Re 15@ @ Zf;
CT,(®@cVd Jat Y OO

0 <-OF1;O%0;z8 UO

Definition 11 [16]. For 0 <-©&E1 , ©@X0 and 0<% #<1 , a
function % T@C jg said to be in the subclass UL.BQ % of
TG if the following inequality holds:

3 B L3
ZA0U=32 O0 £ QU2 F OO
Re — =0 X — &1 |.
0 =700V =" QO O = 7OV =2 Q0

Definition 12 [17]. For 7i X! and ®a 7 Bl the Holder
inequality is defined by:

@] m m @] pLI
= <><®ag;> |
R Jd Jd R

In Section 3.2, main results for functions in the classes
ST, @& | CI, @A and UL,®E7 are obtained.



Chapter 4

This chapter consists of two sections.The first section is an
introductory section and contains the definitions of the classes

RETR g TOGRO

Definition 13. A function MO8 A is said to be in the class
RE'® if it satisfies inquelity

Re( Q%ﬁw) NoECE

02 /) GO ®H0; 0@ ;0 <+ 2H1;2zH VO
@]

Definition 14. A function MO8 A is said to be in the class
TOTOR if it satisfies inquelity

©
Re{ ! ’m’} @£ (28U 0+ 2m1).
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In Section 4.2, some inclusion relations of the classes R &'
and T@'@ are obtained.

Chapter 5



This chapter consists of five sections. The first section is an
introductory section and contains the definition of the classes

“as¥8 A B and g5 8 A B, ™ 35 follow:
Definition 15 [8]. For a function % “ P | we say that
¢ s in the class “p.as(®;A B, ™ of meromorphically p <
valent functions in U if and only if

4A@wﬁﬂﬁ©

pqst’@(ﬂu
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A M, €8 um}
B 4 [=%B =0\ «BUp = 7O
M, .8 GRO w
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t P be the subclass of “»P¢ consisting of functions of
the form:
®

ma% =) |a | & @B OV
kb

Also let “p.as¥8;A B 7™ be the subclass of Fras€8:A, B, 7
such that
;A B 7Od = qsf@;A,B,ﬂ){P@?pr

pqs

The classes “ras@;AB ™  and s @A B ™ were
introduced and studied by Aouf [8].

Definition 16. Let “rascf@:A B 7™ denote the subclass of
“.0s¥8: A, B, ™ consisting of functions of the form:



O\ =BUYp =11
€p) =BO=O =BUp = 7OZ(T)

[}
& =16 jag| 2 @ Be D10
kb

{QUH (=3

In Section 5.2, properties for functions in the class

“rasc83 A B, ™ are obtained.
In Section 5.3, closure theorems for functions in the class

“rasc {83 A, B are obtained.
In Section 5.4, radius of convexity for functions in the class

“rasc{@3 A, B # are obtained.
In Section 5.5, applying the technique used by Silverman [78],

we investigate the ratio of a function “» to its sequence

k
of partial sums GOOH S E8 5 4, 7, \when the coefficients
of % are sufficiently small to satisfy the condition
O 7@ ™ More precisely, we determine sharp lower

r{m) e re{22)
bounds for e 00 and
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