ON L-FUZZY PROXIMITY SPACES

M.El-Dardery
Department of Mathematics, Faculty of Science, Fayoum University, Fayoum, Egypt
J. Zhang
College of Science, North China University of Technology, Beijing 100041, PR China

Abstract.

In this paper we study L-fuzzy proximity spaces, where L represents a completely
distributive lattice. We shall investigate the level decomposition of L-fuzzy proximity
on X and the corresponding L-fuzzy proximity continuous maps. In addition, we shall
establish the representation theorems of L-fuzzy proximity on X.
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1. INTRODUCTION

The concept of fuzzy topology was first defined in 1968 by Chang [5] and later re-
defined in a somewhat different way by Lowen [21] and by Hutton [12]. According to
Sostak[28], these definitions, a fuzzy topology is a crisp subfamily of a fmily fuzzy sets
and fuzziness in the concept of openness of a fuzzy set has not been considered, which
appears to be a drawback in the process of fuzzification of the concept of topological
spaces. Therefore, Sostak introduced a new definition of fuzzy topology in 1985 [30],
Later on he developed the theory of fuzzy topological spaces in [29]. After that, several
authors [11, 22, 26, 29] have reintroduced the same definition and studied fuzzy topolog-
ical spaces being unaware of Sostak’s work.Katsaras [13] introduced fuzzy proximity in
[0, 1]-fuzzy set theory. Subsequently Wang-jin Liu [17], Artico and Moresco [1] extended
it into L-fuzzy set theory. F. Bayoumi [4] shows that all initial and final lifts in the
category L-PRI of L-proximity spaces of the internal type and hence all initial and final
L-proximities of the internal type do exist. In the framework of [34] we have introduced
the two papers [7,8] and in the present paper, we study the level decomposition of an
L-fuzzy proximity and the corresponding L-fuzzy proximity continuous maps. In addi-
tion, we also establish some representation theorems for L-fuzzy proximity on X. The
main results of this paper are several representation theorems for L-fuzzy proximity on
X, where L represents a completely distributive lattice. Based on the results of this
paper, we have also developed representation theorems for the category L-FP which
consist of L-fuzzy proximity spaces and L-fuzzy proximity continuous maps.
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2. PRELIMINARIES

Throughout this paper, L represents a completely distributive lattice with the small-
est element | and the greatest element T, where L # T. We define M (L) to be the set
of all non-zero V-irreducible (or coprime) elements in L such that a € M (L) iff a < bVe
implies a < b or a < ¢. Let P(L) be the set of all non-unit prime elements in L such
that a € P(L) iff a > b A ¢ implies a > b or a > c¢. Finally, let X be a non-empty
usual set, and LX be the set of all L-fuzzy sets on X. For each a € L, let a denote a
constant-valued L-fuzzy set with a as its value. Let L and T be the smallest element
and greatest element in LX, respectively. for the empty set ¢ C L, we define A¢p = T
and Vo = L.

Defnition 2.1[32].
Suppose that a € L and A C L.
(1) A is called a maximal family of a if
(a) inf A = a,
(b) VB C L, inf B < a implies that Vo € A there exists y € B such that y < z.
(2) A is called a minimal family of a if
(a) sup A = a,
(b) VB C L, sup B > a implies that Yz € A there exists y € B such that y > x.

Remark 2.2.[12].

Hutton proved that if L is a completely distributive lattice and a € L, then there
exists B C L such that

(i) a =\ B, and

(ii) if A C L and a = \/ A, then for each b € B there is a ¢ € A such that b < c.

However, if Va € L, and if there exists B C L satisfying (i) and (ii), then in general L
is not a completely distributive lattice. To this end, Wang [30] introduced the following
modification of condition (ii),

(ii’) if AC L and a <\/ A, then for each b € B there is a ¢ € A such that b < c.

Wang proved that a complete lattice L is completely distributive if and only if for
each element a € L, there exists B C L satisfying (i) and (ii). Such a set B is called
a minimal set of a by Wang [31].The concept of maximal family is the dual concept of
minimal family, and a complete lattice L is completely distributive if and only if for
each element a € L, there exists a maximal family B C L.

Let a(a) denote the union of all maximal families of a. Likewise, let 3(a) denote the
union of all minimal sets of a. Finally, let a*(a) = a(a)NP(L) and 8*(a) = B(a)NM(L).
One can easily see that both a(a) and a*(a) are maximal sets of a. Likewise, both 3(a)
and 3*(a) are minimal sets of a. Also, we have a(T) = ¢. and B(L) = ¢.

Definition 2.3 [12].

An L-fuzzy topology on X is a map T : LX — L satisfying the following three
axioms:

(01) T(T) = T;

(02) TANAp) >T(N) AT (p),VA, p € LX.



ON L-FUZZY PROXIMITY SPACES 3

(03) T(VzeA ) > /\ZEA T( 1)7v{)‘1}1€A - LX.

The pair (X,T) is called an L-fuzzy topological space. For every A € LX T ()\) is
called the degree of openness of the fuzzy subset A. Just as an L-topology on X is an
ordinary subset of LX | an L-fuzzy topology on X is a fuzzy subset of LX.

Definition 2.4.
Let (X,77) and (Y,73) be L-fuzzy topological spaces. A map [ : (X, 71) — (Y, 73)
is called L-fuzzy continuous iff

T(p) <T(f~(p)), ¥pe LY.

where f~(p) = po f

Definition 2.5. (Artico and Moreseco [1], Katsaras [15], Liu [19]).

An L-proximity on L¥ is a subfamily of L x LX which satisfies, for any X\, p, j1,7 €
LX | the following conditions:

(P1) (L.T) ¢ 0.

(P2) If X < p, (\, ) € 8 then (p, ) € 6.

(P3) If (A, p) € 6 then (p,\) € 4.

(P4) If (A\,pV ) € § then (A\,p) € 0 or (A\,u) €9

(P5) If (X, p) & 6, there ex1sts v € LX such that (\,~) ¢ 6 and (v, p) 6 .

(P6) If (A, p) ¢ & then A < p/

As in (Shi [26-28] and Wang [32]) we give the following lemma:

Lemma 2.6.
Fora € L and amap 6 : L x LX — L, we define

§al = {(A,B) € L* x L* | §(A, B) > a}
[a]

and
8l = {(A,B) e LY x LX | a ¢ a(6(4A, B))}

Let § be a map from LX x LX to L and a,b € L. Then

(1) a € B(b) = 6pp) C bja); @ € a(b) = 14 c 5l

(2) a < b« B(a) C B(b) & B*(a) C 5*(b) & a(b) C ala) & a*(b) C a*(a).

(3) a(Njen i) = Usjen alai) and B(\,cp ai) = U;cn B(ai) for any sub-family
{aitien C L

3. LEVEL DECOMPOSITION OF AN L-FUZZY PROXIMITY

Definition 3.1[18].

A map 6 : LX x LX — L is called an L-fuzzy prozimity on X if it satisfies the
following conditions:

(FP2) If A < p, then 6(\, ) < 6(p, ).

(FP3) 6(A, p) = 0(p; A).



4 ON L-FUZZY PROXIMITY SPACES

(FP4) 6(A,pV 1) < 5(\, p) V(A ).

(FP5) 6(A,p) 2 N\yerx{0(A,7) Vi(y,p)}-

(FP6) If§(\, p) # T, then A < p.

The pair (X, 0) is said to be an L-fuzzy proximity space. Just as an L-proximity on
X is an ordinary subset of LX x LX, an L-fuzzy proximity on X is a fuzzy subset of
LX x LX.

An L-fuzzy proximity space is called principal provided that

(P) 6(Vien Xis 1) < Viea 6(Ai, ).

Remark 3.2.

(1) If § : 2% x 2% — [ where I = [0, 1] such that the above conditions hold respec-
tively, we call it a fuzzifying prorimity(resp. principal fuzzifying proximity) on X in a
sense [33].

(2) We easily show that every L-fuzzy proximity space is a Samanta’s fuzzy proximity
space [25] and Ghanism’s fuzzy proximity space [10].

Theorem 3.3.
Let 6 be a map 6 : LX x LX — L. Then the following conditions are equivalent:
(1) § is an L-fuzzy proximity on X.
(2) Va € M(L), d is an L-proximity on X.
(3) Va € L, 6! is an L-proximity on X.
(4) VYa € P(L), 6! is an L-proximity on X.

proof. (1) = (2): this part is obvious.
(2) = (1): (FP1) For each a € M(L), we have (T,L) ¢ 44, and 6(T,L) < a.
Accordingly,

5(T. 1) < \alaeMD)} = L.

Thus, 6(T, L) = L.

(FP2) Let A\, p,;n € LX with A\ < p. Clearly, when §(\, 1) = L, we have 6(\, u) <
d(p,p). Otherwise if (A, pu) > L, then for each §(\,p) > a, we have (A, i) € djq).
Consequently, by (P2), we have (p, ) € djq), that is, 6(p, ) > a. This further implies
that

8(p.p) = \[{a € M(L) [ (A ) > a} = 5(\ p).

(FP3) Let A\,p € L*. For each 6(\,p) > a, we have (X, p) € 8j,. Consequently
(p,A) € dq) or 6(p, \) > a. This further implies that

5(p.2) = \/{a € M(L) | (X, p) = a} = 6(), p).

The opposite inequality follows, by interchanging A and p.
(FP4)Let \, p, u € LX. Clearly, when §(\, pV ) = L, we have §(\,pV ) < 5(\, p) V
d(A, ). Otherwise if §(\, pVu) > L then for each 6(\, pVu) > a, we have (A, pV ) € djq)-
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Consequently, we have (A, p) € J[q or (A, ) € 6jq) and so §(X\,p) > a or §(A, p) > a
hence 6(\, p) V §(A\, u) > a. This further implies that

S ) V(A1) = \[{a € M(L) |a <3(\pV )} =0(ApV p).

(FP5) Let \,p,y € L*.Clearly, when Nyerx {6(A\v) v 5(7/,/))} = 1, we have
S\ p) = Ajerx {0007) V6(y',p)}. Otherwise if A,epx {6(\7) Vé(y,p)} > L,

Then for each )
A {0V, p)} >a.
yeLX

Then for all v € LX where §(\,v)V 6(y , p) > a . Consequently, we have for all v € LX
where §(\,) > a or 6(7, p) > a implies for all v € LX, (\,7) € djq) OF (v, p) € d[a]
and so (A, p) € 0jq) or 6(\, p) > a . This further implies that

snp) =\ {aeM@)| N\ {0V, p}=al= A {607V, p)

yeLX ~yeLX

Thus, 5(X, p) = Ayepx {5(07) V(. p).
(FP6)Clearly from (P6).

(1) = (3): (P1) Since §(T,L) = L, clearly for each a € L, we have a € a(6(T,L)).
Thus (T, 1) ¢ sl

(P2)Consider A < p and (A, p) € 6! then a ¢ a(6(\, 1)) D a(8(p, ) and so (p, 1) €
slal.

(P3) For all \,p € L, let (\, p) € 6. Hence a ¢ a(5(\, p)) = a(d(p,\)). Further-
more, since a ¢ a(5(p, \)), we have (p,\) € 619,

(P4)For all \, p, i € LX, let (X, pV ) € 614, We havea ¢ a(5(\, pVp)) D a(6(\, p)V
§(X, 1)) hence either 5(\, p) < §(\, ) thena ¢ a(5(\, 1)) and so (A, i) € 8l or §(\, p) >
S(\, i) then a ¢ a(5(\, p)) and so (N, p) € 6% and its clearly if §(X, p) = 5(\, ).

(P5) For all v € LX with (\,v) € 61 or (v, p) € 6l9, we have a ¢ a(5()\, p)) or
aé¢ a(d(y,p). Then

/7

a ¢ a(6(A,p) Uald(y,p) = a(d(Xp)) Aa(5(r', p) D a8(X ) V al(5(Y', p)).

Hence

ag | al6p) Vil ) =al /\ (6(\p) V(' p) D ald(Xp)).

veELX veELX

Then (X, p) € 61,
(P6) Consider X\ £ p', we have 8§(\,p) = T. Then a(5(\,p) = o(T) = ¢. Hence
a ¢ a(d(\ p)). Thus (A, p) €l
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(3) = (4): this part is obvious.
(4) = (1): (FP1) Since (L, T) ¢ 6. Thus L € o(6(L,T)). Then
0(LI) = N\ea"(6(L,I)) = L.

(FP2) Let A\, p,;n € L with A\ < p. Clearly, when §(\, 1) = L, we have 6(\, u) <
d(p, ). Otherwise if §(A, ) > L, then for each a € P(L) and a ¢ a(d(\, p)), we have
(A, p) € 8l Consequently, we have (p, i) € 6! or a ¢ a(5(p,n)). Accordingly, we
have

o (6(A, 1) D a™(6(p,p)) or (A, 1) < 6(p, p)-

(FP3) Let \,p € LX. For each a € P(L) and a ¢ a(5()\, p)), we have (), p) € 1%,
Consequently (p, ) € 6!, we have a ¢ a(3(p, \)). Accordingly, we have

a’(6(A; p)) D a™(6(p,A)) or 6(A, p) < 6(p, ).

The opposite inequality follows, by interchanging A and p.

(FP4) Let )\, p,n € LX. Clearly, when §(\,p V ) = L, we have §(\,p) V 6(A, p) >
d(A\, pV ). Otherwise if §(\,pV p) > L, then for each a € P(L) and a ¢ a(6(\,pV 1)),
we have (X, pV u) € 619, and so (X, p) € 6! or (A, ) € 619, Consequently, we have

a ¢ a(0(X, p) Ua(d(A p) = a((6(A, p) A (A, 1)) D al(6(A; p) V (5(A, 1))

. Accordingly, we have
a*(6(A,pV ) D a*(0(A, p) V ((A, ) or 6(A, pV 1) < 3(A, p) V(A )

(/FP5) Let A\, p,y € LX. Clearly, when §(\, p) = L, we haved(\, p) > N, erx {5()\,7)\/I
§(v,p)}. Otherwise if 5(\,p) > L, then for each a € P(L) and a ¢ a(5(), p)) Hence
(A, p) € 8l . Consequently, there exsits v € LX where (\,~) € 6% and (v, p) € 6l
implies a & ¢ px ((6(A,7) V(v ,p)) = a(A,epx(0(A,7) V(v , p)) Accordingly, we

have
a*(6(A,p)) D a*( /\ (6(\7) V(Y p))

yeLX

or

sA ) < N\ (607 V(Y ,p)

yeLX

(FP6)Clearly from (P6).

We can now state the following decomposition theorem of L-fuzzy proximity. The
proof is straightforward and therefore omitted.
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Theorem 3.4..
Let 0 be an L-fuzzy proximity on X. Then

0=\/(@rda)= \ @rde)= A@vi= A (avi)

acL aeM (L) acL a€P(L)

Corollary 3.5..
Let 01 and 62 be L-fuzzy proximities on X, then the following conditions are equiva-
lent:

(1) 61 = 6.

(2) Ya € L, (51[a] = 52[a].

(3) Ya € M(L), (51[a] = (52[a] .
(4) Ya € L, = s,
(5)Va € P(L), 5! = s,

Theorem 3.6.
Let 0 be an L-fuzzy proximity on X, then
(1) a €L, o) = Nhep(a) O
(2) Ya € M(L), 5[a] = ﬂbeﬁ*(a) 5[b]-
(3) a € L, " = M, e 0.

(4) Ya € P(L), 61 = N, (ay pepin) 0

Proof.

(1)By Lemma 2.7, we have that Ya € L,dp,) C ﬂbeﬁ(a) ). To show that djq) D
Moepa) O], We take (A, p) € LX x LX and (\ p) € Moepa) Op)- Notice that Vb €
B(a),d(\, p) = b. Hence (X, p) >\ {b|b € B(a)} = a, which implies that (X, p) € 8.

(2) The proof is similar to (1).

(3)By Lemma 2.7, we have that Ya € L,6% C ﬂaea(b)CS[b]. To show that §l9 >
UQEQ(b) 51, we take (X, p) € LX x LX and (X, p) € Uaea(b) [, Notice that Vb € L and
a € a(b), it follows that b ¢ a(5(\, p)). We prove by contradiction as follows. Suppose
that a € a(d(X,p)). Notice that §(A,p) = AN{b | b € a(d6(\,p))} and a(6(X,p)) =
U{a(®) | be a(d(X p)}. There must exist b € a(d(X, p)) such that a € a(b). But this
is impossible.

(4) The proof is similar to (3).

Remark 3.7.

(1) b € B(a) implies b < a, where b < is way-below relation [6], i.e. b < a if and
only if for every up-directed set S in L, \/ S > a implies that there exists s € S such
that s > b;

(2) If a € M(L), then b € 8*(a) if and only if b < a.

(3) Va € M(L), 0ja) = pep~ Opp) < 0a) = Noca,vens(r) So)-
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Proof.

(1) Since B(a) is a minimal set of a, from Definition 2.1, we have that for every
up-directed set S in L, if \/ S > a, then Vb € B(a) there exists s € S such that s > b. It
follows that b < a.

(2) Let a € M(L) and b < a. From Theorems 1.3.6 and 1.3.8 in [15] and Definition
2.1, we know that (3*(a) is both an up-directed set and a lower set, and \/ 5*(a) = a.
Hence, there exists b € (3*(a) such that a > b > b. In other words, b € 3*(a).
Conversely, if b € ($*(a), then since *(a) C f(a) and b € $*(a) implies b € B(a). It
follows that b < a.

(3) It is obvious.

Theorem 3.8.

Let {6y | a € M(L)} be a family of L-proximities on X. Then the following
conditions are equivalent:

(1) There exists an L-fuzzy proximity § on X such that 0y, = d, for each a € M(L).

(2) Va € M(L), da = Npep=(a) -

Proof. (1) = (2): This holds because of Theorem 3.5.

(2) = (1): Let 6 = V,enry(a A da). Obviously, we have da C 0. For any
(A, p) € Oq), we have (X, p) > a and \/ {b€ M(L) | (X, p) € 6} > a. Next, since 3*(a)
is a minimal family of a, for each b € (*(a), there exists b € M(L) such that b > b
and (X, p) € 0, C 0p. Therefore, ﬂbeﬁ*(a) 0p = 0g.

Similarly, we can state the following theorems.

Theorem 3.9. Let {§, | a € P(L)} be a family of L-proximities on X. Then the
following conditions are equivalent:
(1) There exists an L-fuzzy proximity § on X such that § = §, for each a € P(L).

(2) Va € P(L), 50, - maECx*(b) 5b

Theorem 3.10. Let {5a | a € L} be a family of L-proximities on X. Then the
following conditions are equivalent:
(1) There exists an L-fuzzy proximity § on X such that 0y, = 0, for each a € L.

(2) VCL € L, 5@ - ﬂbeﬁ(a) 5b

Theorem 3.11. Let {6, | a € L} be a family of L-proximities on X. Then the
following conditions are equivalent:
(1) There exists an L-fuzzy proximity 6 on X such that §l = 6, for each a € L.

(2) VCL c L, 5@ — ﬂaEa(b) 5b

4. REPRESENTATION THEOREMS OF L-FUZZY PROXIMITIES

Let LP[X] denote the family of all L-proximities on X. Let LFP[X] denote the
family of all L-fuzzy proximities on X. The order relation on LFP[X] is defined as
follow:

V51,52 € LFP[X],(Sl < 0y & V()\,p) € LX X LX,(Sl()\,p) < 52()\,/)).
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Theorem 4.1.
(LFP[X],=) is a complete lattice. In fact, it is a complete sub-meet-semilattice of

LLXXLX, i.e. closed under the A of LE™ XL

Proof. Let X be a set. Define two maps § : LX x LX — L as follows:

1, ifx=_lorp=1,
do(A, p) =
0(Ap) { T, otherwise,
1, ifaA<yp
01(A, p) = ’ -7
1 p) { T, otherwise.

Clearly, we have do,01 € LFP[X]|, and they are the smallest element and the greatest
element in (LFP[X],=<%), respectively. Next, let {6; | i € A} C LFP[X] and § =

/\f;A di. Obvious § € LFP[X]. Accordingly, (LF P[X], <) is a complete lattice.

To facilitate further illustration, let us define the following classes:

U[X]={F:L— LP[X]|Va€ L,F(a) = Nucay F(b)}
Up[X]={F:L— LP[X]|Va€ L,F(a)=Mpega)F(a)}
Un(py|X]) = {F:M(L) — LP[X] |Va € M(L),F(a) = Nyeg(a)F(b)}
Up)[X] ={F: P(L) — LP[X] |VYa € P(L), F(a) = Ngea+» F(b)}

In addition, let us define the following order relations within the classes UL[X],
UL[X],UM(L)[X] and UP(L)[X]:

P\, F, e UMX), Fy <F Fy & Va € L, Fi(a) C Fy(a)
Fl,FQ € UL[X],Fl <1 Fy & Va € L,Fl(a) C Fg(a)
Fl,FQ c UM(L)[X],Fl jM(L) Fy & Va € M(L),Fl(a) C Fg(a)

Fl,FQ c UP(L)[X],Fl jp(L) Fy & Va € P(L),Fl(a) C Fg(a)
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Theorem 4.2.

(ULX], =5), (UL[X], 21), (Unm(ny[X], 2mry) and (Upry[X], X p(1)) are complete
lattices. Obviously, UX[X], <L) and Uy [X], <1) are complete sub-meet-semilattices of
the lattice (LP[X])" (i.e., closed under the A of (LP[X])*, when {F; | i € A} Cc U[X],

F = /\leAF be defined as Va € L,F(a) = (), € AFi(a), (Un)[X], 2mr)) is a

complete sub-meet-semilattices of the lattice (LP[X])M () and (Upy[X]), 2pry) s a
(L

complete sub-meet-semilattices of the lattice (LP[X])"(F).

Proof. Va € L, let us define F| (a —{)\p|)\7éj_p7éj_}andFT —{)\p
ALp } Clearly, we have F'| (a ),FT( ) € UEF[X], and they are the sma]lest element
and the greatest element in (U*[X], =), respectively. Next, let {F; |i € A} C U*[X]

<L .
and F = \;2 A F;. Since

=N Fa@= () Eo)= () E®= () FO),

i€A i€EA aea(b) aca(b)i€A aca(b)

it follows that F € UF[X]. Accordingly, (UL[X], =) is a complete lattice. The same
argument can be used to prove the rest of the theorem.

The following representation theorem of L-fuzzy proximity follows naturally.

Theorem 4.3.

The map f : LFP[X] — U¥[X],§ — Fs (for every a € L and Fs(a) = 6! is
an isomorphism in the category of complete meet-semilattices and f— : UL[X] —
LFP[X],F i+ 0p = N\,cp(aV F(a)).

Proof.
For each § € LPT[X], it is easy to verify that

Fs(a)=6"= () "= () Fs(b)

aca(b) a€a(b)

Hence, Fs € UL[X]. Next, by Theorems 3.3, 3.4 and Corollary 3.5, it suffices to show
that f is an injection. Since (\,p) ¢ (0p)l iff

a((0r (A p)) = | allaV F(a =J{ala) [a€ L,(\p) ¢ Fla)}

a€EL

iff there exists a € L such that ¢ € a(a) and (X, p) ¢ F(a) il (A, p) & (.ea@ Fla) =

F(c), we have Fs,(c) = 55] = F'(c). This shows that Fs, = F. It follows that f is a
surjection as well as a bijection, and

f~:UMX] — LFP[X],F —6p = /\ (aV F(a))
a€Ll
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Next, let 61,6 € LFP[X] and {8; | i € A} C LFP[X]. Then it is straightforward to

show that f(d;) =¥ f(62) when §; < do. Hence f(Nica i) = /\f;A f(9;) and the proof
is complete.

The following Theorem follows directly from the above proof.

Theorem 4.4.

The map f : LFP[X] — Up(p,)[X],8 — Fj (for every a € P(L) and Fs(a) = 6 is
an isomorphism in the category of complete meet-semilattices and f~ : Up)[X] —
LFEP[X],F — 6p = Nyepry(aV F(a)).

Theorem 4.5.

The map f : LFP[X]| — UL[X],0 — Fs (for every a € L and Fs(a) = 0|4 is
an isomorphism in the category of complete meet-semilattices and f— : UL[X] —
LFP[X],F v+ 6p =\, .;(aV F(a)).

Proof.
For each § € LPT[X], it is easy to verify that

F 5[a = m 5[b m Fé(b)
bepB(a) bepB(a)

Hence, F5 € UL[X]. Next, by Theorems 3.4 and Corollary 3.5, it suffices to show
that f is an injection. It is proved easi]y that ()\ p) € (0F) iff

5r((Ap) = \/ (an F(a)) =\ {al(\p) eF(a)} >c

a€Ll
iff (because of Lemma 2.7)
U 8@ =580\ {al(\p) eF(a)}) B
(Ap)EF(a)
On the other hand, we can prove
(o) € F(@)= ) Fla)&Vaep),(p)eFa) e ) Bla) oA
acpf(a) (Ap)EF(a)

Clearly, Va € (), (A, p) € F(a) = U pyer@ Ba) D Usepe) = B(c). Conversely,
for each d € B(c) C U pyer(a)B(a), then there exists a € L such that d € [(a)
and (A, p) € F(a) = Npeg(q) F'(b). It show that (A, p) € F(d). So, we conclude that
(A p) € (6F)g & (A, p) € F(c), ie., Fs,(c) = (0r)q = F(c). This shows that Fs, = F.
It follows that f is a surjection as well as a bijection, and

a€EL

f7:ULIX] = LFP[X],F —6p = \[ (a A F(a))
a€l
Next, let 61,6, € LFP[X] and {6; | i € A} C LFP[X]. Then it is straightforward to

show that f(01) =% f(62) when &, < 3. Hence f(/\;cp 6i) = /\f;A f(6;) and the proof
is complete.

The following Theorem follows directly from the above proof.
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Theorem 4.6.

The map f : LEP[X] — Up()[X],6 — Fs (for every a € M(L) and Fs(a) = djq) is
an isomorphism in the category of complete meet-semilattices and f~ : Upr(py[X] —
LFP[X],F — p =V eyl A F(a)).

5. L-FUZZY CONTINUOUS PROXIMITY MAPS

Definition 5.1.

Let (X,61) and (Y,d2) be two L-fuzzy proximity spaces. Let f : X — Y be a
map. [ : (X,01) — (Y,d2) is called L-fuzzy proximity continuous map if for every
(A, p) € LY x LY we have

o1(fT(A), [T (p)) = 62(A, p),
where f~(A\) = Ao f.

From Definition 5.1, obviously, f : (X,d1) — (Y, d2) is an L-fuzzy proximity contin-
uous if and only if Va € M(L), f : (X,61,) — (Y,d2,,) is an L-proximity continuous
map.

Excepting this, we have the followings equivalent conditions:

Theorem 5.2.

Let (X,01) and (Y, d2) be L-fuzzy proximity spaces and f : X — Y be a map. Then
the following conditions are equivalent:

(1) f:(X,61) — (Y,02) is an L-fuzzy proximity continuous map.

(2) Ya € M(L), f:(X,d1,) — (Y,d2,,) is an L-proximity continuous map.

(3)Va€e L, f: (X, (ﬂa]) — (Y, 5£a]) is an L-proximity continuous map.

(4) Va € P(L), f: (X,8i) = (V,6l") is an L-proximity continuous map.

Proof. (1) = (2): This part is obvious.

(2) = (1): V(\, p) € LY x LY, a € M(L) such that a < 62(\, p), we have (), p) € 02,
and (f~(X), f~(p)) € b1, by the continuity of f : (X,61,,) — (Y, 2,,). Accordingly,
51(f~(N), f=(p)) > a for each Va € M(L) N M(d2(\, p)), where M(52(X,p)) = {a €
M(L) | a < 82(X, p)}. It follows that 61(f~(X), f~(p)) =V M(62(X, p)) = 62(X, p).

(1) = (3): V(\,p) € LY x LY, since 61(f—(\), f~(p)) > d2(\, p), it follows from
Lemma 2.7 that a ¢ «a(61(f~(A), f~(p))) when Ya € L, if a ¢ a(d2(\, p)). In other
words, if (\,p) € 6, then (f—(\), f—(p)) € 6. Thus f : (X,6")) — (v,65") is a
fuzzy proximity continuous map.

(3) = (4): This is obvious. (4) = (1): For Ya € P(L) and (\,p) € LY x
LY, if a ¢ a(62(A,p), then (\,p) € 5£a]. Thus (f~(\),f"(p)) € (ﬂa] by the con-
tinuity of f : (X, (ﬂa]) — (Y, 551]). In other words, a ¢ a(61(f~(N),f"(p))) and
a*(61(f=N), f=(p)) C a*(d2(A, p)). It follows from Lemma 2.7 that

01(fT(A), [T (p)) = 62(A, p)

Hence the proof is completed.
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Definition 5.3.

Let (X,61) and (Y, d2) be two L-fuzzy proximity spaces. Let f : X — Y be a map.
f:(X,01) — (Y, 2) is called an L-fuzzy proximity homeomorphism if f is bijective and
f and f— are L-fuzzy continuous maps.

Theorem 5.4.

Let (X,01) and (Y,02) be L-fuzzy proximity spaces and f : X — Y be a bijective
map. Then the following conditions are equivalent:

(1) f:(X,61) — (Y,02) is an L-fuzzy proximity homeomorphism .

(2)Ya € M(L), f:(X,d1,) — (Y,d2,,) is an L-proximity homeomorphism .

(3)Vae L, f: (X, (ﬂa]) — (Y, 5£a]) is an L-proximity homeomorphism .
(4) Ya € P(L), f: (X, (ﬂa]) — (Y, 5£a]) is an L-proximity homeomorphism .

Proof. It follows from Definitions 5.1, 5.3 and Theorems 5.2 .
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