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Abstract. In this paper, we introduce the concept of L-fuzzy neighborhood systems
using complete M V-algebras and present important links with the theory of L-fuzzy
topological spaces. We investigate the relationships among the degrees of L-fuzzy r-
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logical spaces. Also, we investigate the concept of LF- continuous functions and their
properties.
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0. Introduction

Sostak [25-29] introduced a new definition of L - fuzzy topology as the concept of
the degree of the openness of fuzzy set. It is an extension of I = [0, 1]- fuzzy topology
defined by Chang [1]. It has been developed in many directions [5,12-16,19]. The study
of neighborhood systems and convergence of nets in Chang fuzzy topology was initiated
by Pu Pao-Ming and Liu Yin Ming [19] and Liu Ying-Ming, Luo Mao-Kang [18]. In [33]
M.S. Ying, introduced the degree to which a fuzzy point z; belongs to a fuzzy subset A
by m(z¢, A) = min(1,1 —t + \(z)) and gave the idea of graded neighborhood on fuzzy
topological spaces. This plays an important role in the theory of convergence in Chang
fuzzy topology see also | 3,4,7,8,32]. Following M.S.Ying [33], Demirci [5] introduced
the idea of graded neighborhood systems in smooth toplogical spaces [20] ( a smooth
topology is similar to fuzzy topology as defined by Sostak [25], Hazra and Samanta [12])
in a different approach but restricted himself to the I- valued fuzzy sets.

In this paper, we study the concept of L-fuzzy neighborhood systems and present im-
portant links with the theory of L-fuzzy topological spaces and investigate some of their
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properties. We investigate the relationships among the degrees of L-fuzzy r-adherent
points (r-convergent, r-cluster and r-limit, respectively) nets in an L-fuzzy topological
spaces. Also, we give some related examples to illustrate some of the introduced notions.
In the end, we characterize LF'- continuous functions in terms of some of the various
notions introduced in this paper.

1.Preliminaries

Throughout the text we consider (L, <, A,V,0, 1) as a completely distributive lattice
with 0 and 1, respectively, being the universal upper and lower bound and Ly = L—{0}.
A lattice L is called order dense if for each a,b € L such that a < b, there exist ¢ € L
such that a < ¢ < b. If L is a completely distributive lattice and z <\/, .- %, then there
must be ig € I' such that = < y;,, where x <a means: K C L, a <\/ K = Jy € K such
that + <y. If a<b and c<d, it is always has a A ¢<b A d [10] and some properties of <
can be found in [18].

A completely distributive lattice L = (L, <, A, V,®,—,0,1) (or L, in short) is called a
residuated lattice [11,15,28,29] if it satisfies the following conditions: for each x,y, z € L,

(R1) (L,®,1) is a commutative monoid,

(R2) if z <y, then x ® 2 < y ® z (® is isotone operation),

(R3) (Galois correspondence) r <y =z Oy < z.

In a residuated lattice L, 2’ = x — 0 is called complement of x € L.

A residuated lattice L is called a BL - algebra [11,15,29] if it satisfies the following
conditions: for each x,y,z € L,

Bl)zAy=206(x —vy),

B2) zvy =[x —=y) 2>yl A[ly = z) > ],

(B3) (z —»y)V(y—z) =1

A BL - algebra is called an MV - algebra if x = 2", for each x € L.

Lemma 1.1 [11,15,29]. Let L be a complete MV - algebra. For each z,y,z € L,
{yi,x; | 1 € T'} C L, we have the following properties.

(Hzoy<zAhy<zVy,

(2) 20y <z,

BIfy<z (z0y)<(z®z2),r—>y<z—zand z >z <y—uz,

4)zoy=(z—=y),

(5) x <yiff 2’ > ¢/,

6) r —>y=1y — 2,
(7) Nier(@ ©yi) = 2O (Ajer vi)
8) Vier(@ ©yi) =2 © (Vier vi),
9)zr—-1=10—-z=1z—x=1,
(10)z<yezr—y=land 1 =2z =z,
(11
(
(
(
(

10)
11) 2 = Njer vi = Nier (T = 9i),
12) (\/zel“ Yi) = T = /\ier(yi — ),
13) v — Viel" Yi = Viel“(x = Yi),
14) Nier i = = Ver(yi — ),
15) Nier ¥i = (Vier vi)" and Vicr vi = (Nier vi)"-
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In this paper, we always assume that L is a complete MV - algebra. Let X be a
nonempty set, the family L* denotes the set of all L- fuzzy subsets of a given set X.
For a € L,\ € L*, we denote (a — \), (@ ® \),ax € L¥ as (a = N)(z) = a —
AMz), (@@ N)(z) =a® Az),ax(x) = a.

A fuzzy point z; for t € L is an element of LX such that

(y) = t, if y ==,
)= 0, if y # «x.

The set of all fuzzy points in X is denoted by Pt(X). For A € LX and 2; € Pt(X),z; € A
iff t < A\(z).

Given a mapping ¢ : X — Y, we write ¢*~ for the mapping LY — L¥X defined by
¢ (1) = po ¢; and we write ¢ for the mapping L* — LY defined by ¢~ (u)(y) =

V{u(z) | () =y} forall p € LX,y € Y.

For a given set X, define a binary mapping S(—, —) : L* x LX — L as

S = N\ (M@) = plx),  V(\p) e LX x LX.

reX

For each A, n € LX, S(\, 1) can be interpreted as the degree to which A is fuzzy included
in p. It is called the L-fuzzy inclusion order [6].

Lemma 1.2 [6]. For each A\, u,p,u; € LX, i € T and e,x; € Pt(X), the following
properties hold:
(DA< peSAp) =1,

YA< = S(p,\) < S(p, ) and S(\, p) > S(u, p), for any p € L,
3) S(z,\) = A(x); for any A € L,
4) S(z¢, \) =0iff t =1 and A(x) =0,
5) S(e,\) A S(e, ) = S(e, A A p),
6) S(xtv /\ieF :ui> = /\iel“ S(Itmui)v for any {Mi}ief‘ - LX»
7) S(@e, Vier i) = Vier S(@e, i), for any {p;}fier C L.

Lemma 1.3 [7]. Let f: X — Y be a mapping. Then the following statement hold:
(1) SO\ ) < S/ (V). £ (), for each A,y € L
(2) S(p,v) < S(f<(p), f (v))for each p,v € LY.
In particular, if the mapping f : X — Y is bijective, then the equalities hold.

Definition 1.4 [15,25]. A map 7 : LX — L is called an L-fuzzy topology on X if it
satisfies the following conditions:

(LO1) T(1x) = T(0x) = 1,

(LO2) T(juy A i) > Tn) AT (sz), for all g, iz € L,

(LO3) T(V,en 1) > Asen T(i)s for any {jiihien C LY.
The pair (X, 7) is called an L-fuzzy topological space.

Let 7; and T3 be L-fuzzy topologies on X. We say that 7y is finer than To (73 is
coarser than 77), denoted by T < Ty, if To(\) < T1(A) for all A € LX. Let (X,71) and
(Y,72) be L-fuzzy topological space spaces. A map f : (X,T;) — (Y, T2) is L-fuzzy
continuous (LF- continuous, for short ) if To(\) < T1(f<()\)),VA € LY.

(2
(
(
(
(
(
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Theorem 1.5 [13,15]. Let (X,7) be an L -fuzzy topological space. For each r € Ly
and A € L, we define operators I, Cy : LX x Ly — LX as follows:

Irnr) =\{p e LY [p< A T(p) =1},
Criar)y = NreLX | A<v,T() =1}

For each A\, u € LX and r, s € Ly, we have the following properties:
(Il) IT(lx,T) = 1)(,

(12) Zr (A7) < A,

(I3) If A < p and r < s, then Zr (A, s) < Z7(p,r),

(14) IT(/\ AN 725 A 8) > IT()‘v T) A I’T(:ua 5)7

(15) I’T(IT(>H T)v T) = IT(>H T)a

(16) IT()‘/a'r) = (CT()HT))/‘

Definition 1.6[18]. Let D be a directed set. A function T : D — Pt(X) is called a
fuzzy net in X. Let A € L~ we say T is a fuzzy net in \ if T'(n) € X for every n € D.

Definition 1.7[17,18]. Let T be a fuzzy net and A € LX.

(1) T is often in A if for each n € D, there exists ng € D such that ny > n and
T(no) €\

(2) T is finally in A if there exists ng € D such that for each n € D with n > ng, we
have T'(n) € A.

Definition 1.8[17,18]. Let 7': D — Pt(X) and U : E — Pt(X) be two fuzzy nets.
A fuzzy net U is called a subnet of T if there exists a function N : E — D, called by a
cofinal selection on T, such that:

(1) U=ToN.

(2) For every ng € D, there exists mo € E such that N(m) > ng, for m > my.

2. L - fuzzy neighborhood systems.

Definition 2.1. Let A € LX and z; € Pt(X). Then the degree to which z; belongs to
A is

S(ze, A) = /\ (t — Ax)).

zeX

Definition 2.2. Let (X, 7T) be an L - fuzzy topological space , A € LX, e € Pt(X) and
r € Lg. The degree to which X is a r-neighborhood of e is defined by

W) r) = \{S(e, ) [ <A raT ()}

A mapping (NT)e : LX x Lo — L is called the L-fuzzy neighborhood system of e.
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Theorem 2.3. Let (X,7) be an L - fuzzy topological space and (N7), the fuzzy
neighborhood system of e. For all A\, € LX and r,s € Lo, the following properties
hold:

(1) (NT)e(0x,r) = S(e,0x)and (N7T) (1x,r) =1,

(2) WT)e(Ar) < S(e, V),

(3) NT) (AN, 7) > (NT)e(N, 5), if r < s,

(4) NT) e\ 7) < N, ), if X < p,

(5) INT) e, ) ANT) (A2, 5) < (NT)e(AL A Aoy 7 A s),

(6) (NT)e(hr) < VAT )elpt,r) | 1 < A, S(dopr) < (NTalpr) ¥d € PHX)},
(7) (N e (A7) = Agex (£ <NT>m1<A,r>).

Proof. (1),(3) and (4) are easily proved.
2) It is proved from the following'

NT)e(N 1) = \{S(e, i) | i < A, rar(p)}

< \/{S e,\/m | pi <X\ r<ar(p)}

(by Lemma 1.2(2))
<{Se\ u) |V u<x <\ )}
< S(e, A).

(5) If a< (NT)e(A1,7) A (NT)e(A2, 8), then a < (N7T)o(A1,7) and a < (NT)c (X2, 5),
there exists p; € L with p; < A\; and 7 < T (p1) such that a < S(e, p1). Again, there
exists p; € LY with py < Ay and r < T (p2) such that a < S(e, p2). So, p1 A p2 < A1 A Mg,

rAs<AT (p1) AT (p2) and a < S(e, p1)AS(e, p2) = S(e, prAp2) < (NT)e(AL A2, TAS).
Hence,

(NT)E()\l N )\2,7“/\ S) Z (NT)E(Al,T) N (NT)E(AQ,S).
(6) If r < T (), then S(d,u) = (N7 )q(u,r), for each d € Pt(X). It implies:
NTY\,7) = \/{Se,u],u<)\ r<aT ()}
= VAN )e(pr) | 10 < X, S(d ) = (NTalp, 7), Vd € PHX)}
< VAN e r) | < A, S(d, ) < (NTalp, r), Vd € PHX)}.
(7) It proved from:
N, (N, 1) = \/{Sazt, | <A T(p) >r}

:\/{/\ (t—px) | p< X T(p) >r}

rzeX

= AN {t= V@ p<X T =rh

zeX
( by Lemma 1.2(7))

= N\t = N )ay (A7)

reX
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Theorem 2.4. Let X be a nonempty set. Let for each e € Pt(X), there is be given a
mapping N, : LX x Ly — L satisfying the above conditions (1)-(5). Define Tpr : LX — L
by

Tv(N) = \/{r € Lo | S(e.A) = Ne(\, 1), Ve € PH(X)}.

Then

(a) Tpr is an L- fuzzy topology on X.

(b) If (N7, is the L-fuzzy neighborhood system of e induced by (X, T), then Tyr =
T.

(c) If N.’s satisfy the conditions (6) and (7), then

Tv(A) = \/{r € Lo | S(z,A) = No(\,7), Vo € X},

(d) N7y =N

Proof. (a) (LO1) It is easily proved from Theorem 2.3(1).
(LO2) It is proved from the following:

T (1) A Tar(A2)
(\/{TGLO|S(6 M) = No (A7) )
(\/{s € Lo | S(e,ha) = No(Na, )
=\/{rAnseLo|SeA)ASe ) =Ne(Ar,m) AN (N2, )}
< \/{rAseLo| S )AS(e,As) < Ne(M Adg,7 A s)}

<\ {rAse Lol Se, A AX) S Ne(M Adg, As)}
( by Lemma 1.2(5))
< Tn(AL A Az).

\_/

(LO3)
If a9 \;cr Tar(Ns), then a < Th(A;) for each @ € T', Note that,

Tv(Ai) = \/{ri € Lo | S(e, \i) = Ne(Ai, 73), Ve € PH(X)},

so, there exists r; € Lo, with S(e, \;) = No(\i, ;) such that a <r;. Put r = A
then a < r. By Theorem 2.3, we have

ier T

S(e, )\z) SNE()\i7Ti) §Ne()\i,7°) S S(e, )\1)

It implies S(e, \;) = Ne(\;, 7). Furthermore, by Lemma 1.2(7), we have
(e, \/ X)) =\ Sle.h) = \/ Neo(Aiymi)
i€l ier ier

<\ Ne(hiyr) SN\ Aisr) < S(e, \ ).

i€l el el
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S0, Ne(Vier i) = S(e, V;er Ai)- Hence, Tar(V;er Ai) = 7 > a. Therefore,
TN(VieF )‘i) > /\ieF )‘i(Ai)‘

(b)If a<Tar(N), then there exists 7o € Lo with S(e, A) = N (A, ro) such that ro<T (A).

Since

S(esA) = Ne(hr0) = \/{S (e, i) | i < X, 70 4T (i)},

then, for each 1 € Pt(X),
)\((B) = S(:Elv )‘) = \/{S(:Blvﬂz) | Mg < )‘;TO <]T(/~Lz)}

= S(z1, \/ i) = \/ pi ().

el el

Thus, A =\ ;. So, T(\) > 79 > a. Hence, Tar(A) < T(A). We can easily obtained
T > T(N.

(c) We only show that S(z¢, A) = Ny, (A, 1), Vo, € Pt(X)

iff S(z,\) = Xx) =N (\,r), Vo e X.

(=) It is trivial.

(<) From the condition (7),

Noyur) = A\ (£ Moy (4m)

reX

- A (t—>S(.r1,>\)>

reX

= A (t=2@)

rzeX
= S(I’t, )\)

(d) From the proof of Theorem 2.3(6), we easily obtain N7, > N.
If a<a (N7 )e(A,r) = V{S(e, ) | u < A\, r<Ta(p)}, there exists po with pg < A,
r <4 Ta(po) such that a<S(e, pp). Note that

TN(MO) = \/{t € Lo ’ S(ea/~L0) :Ne(,uo,t)a Ve € Pt(X)}7

there exists tg € Lo with S(e, o) = Ne(po,to) such that r <ty (thus r < ). So,
a AN (1o, to) < Ne(po, ) < Ne(A, 7). Therefore, N7, < N.
By Theorem 2.4, we have the following Corollary:

Corollary 2.5. The set of all L - fuzzy topologies on X and the set of all L - fuzzy
neighborhood systems on X are in one to one correspondence.
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Example 2.6. Let L = [0,1] , X = {a,b} be a set, x — y = min(l —z + y,1) and
p € LX be defined as follows:

p(a) = 0.3, u(b) =0.4.

We define an L- fuzzy topology on X as:

1, ifA=0xorly,
TN =19 3 ifx=yp
0, otherwise.

From Definition 2.2, N,,, Ny, : LX x Lg — L as follows:

(1, ifA=1x, r € L
Noy(Ar) =21 03, iflx ZA>pu, 0<r<

0, otherwise.

N[

(1, ifA=1x, r € Ly

Noy(Ar) =4 04, iflx #A>p 0<r<3
L 0, otherwise.
From Theorem 2.4 (c), we have
1, ifA=0xorly,
Tav(N) = %, it A\ = p,
0, otherwise.

3. R- Convergence

Definition 3.1. Let (X,7) be an L -fuzzy topological space, A € L, e € Pt(X) and
r € Lg. Then the degree to which a fuzzy net 1" in X r-convergent to e and T r-cluster
to e are defined, respectively, as follows:

Con.(T,r) = /\{Ne'()\,r) | T is often in X'},

Cl(T,r) = /\{/\/’e’()\,r) | T is finally in \'}.

Definition 3.2. Let (X,7) be be an L - fuzzy topological space, A € LX e € Pt(X)
and r € Lg. Then the degree to which e r-adherent point of A is defined by

Ad.(\,r) = N/(N, 7).
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Proposition 3.3. Let (X, 7) be an L-fuzzy topological space. For each A € LX | e, z; €
Pt(X) and r € Ly, we have

(1) S(ev IT()‘v T)) = Ne()‘7 T)a

(2) 5(67 C%’()‘ﬂﬂ)) = Ad;(/\vr)a

(3) Ady, (A7) = V,ex (t© Adp (A, 7)).

Proof.
(1) From Lemma 1.2(7), we have

S(e, Ir(A 7)) = S(e, \/{mi | i <X T (i) = 7))
= \/{S(e, i) | s < N T (i) > 1})
= N.(\, 7).

(2) From Theorem 1.5, we have

S(e, C%—()\,T)) = S(ealT()‘/7T))
= Ne(X,7) (by (1))
= Ad.(\, 7).

(3) From Theorem 2.3(7), we have
Ady, (A1) =N, (N, 7)
= ( /\ (t —>N’mt(>\’,r))/

reX

=V (1= N

reX

=\ (t ONL (N, r))

zeX
( by Lemma 1.2(4) )

= \/ (t® Ad,(\,r)).

reX

Theorem 3.4. Let (X,7) be an L-fuzzy topological space. Let T': D — Pt(X) be
fuzzy net and U : E — Pt(X) a subnet of S. For r,s € Ly, the following properties
hold:

1) If ry <719, Cone(T,r1) < Cone(T,ry), and Clo(T,r1) < Cl(T,rs),
) Cone(T,r) < Cl.(T,r),

) CL(U,7) < CL(T, "),

) C’one(T, r) < C’one(U, ),

) ,7) = Vyex(t ©Cong(T,r)), and

Cloy (T.7) = Ve x (L6 CL(T. 7).

Proof. (1) It easily proved.
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(2) If T is finally in X/, T is often in A’. Hence

Cone(T,r) = /\{/\/")xr | T is often in \'}

< /\{Né (A\,7) | T is finally in \'}
= Cle(T,r).

(3) If T is finally in X/, U is finally in A\’. Hence

Cle(U,r) = \{N/(\,r) | U is finally in \'}

< NN\, 7) | Tis finally in X'}
= Cl.(T,r).

(4) Let U be often in \'. We will show that T is often in \'. Let n € D. Since
U:E — Pt(X) is a subnet of T, there exists a cofinal selection N : E — D. For each
n € D, there exists m € E such that N(k) > n for k > m. Since U is often in X', for
m € E, there exists my € E such that mg > m for U(mg) € X'. Put ng = N(myp). Then
ng > n and T'(ng) = T(N(mg)) = T(ng) € X'. Thus, U is often in \. Hence

Con(T,r) /\{N’ A,7) | T is often in \'}

< /\{Ne' A\, 7) | U is often in '}
= Con.(U,r).

Cong, (T,) /\{./\/;t (X\,7) | T is often in \'}

— /\{( /\ (t — ,/\/'xl(A,r)> | T is finally in \'}

zeX
( by Theorem 2.3(7) )

— \/ /\{(t — Ny (A, r)), | T is finally in \'}

reX

= \/ /\{t@ (A7) | T is finally in \'}
zeX

( by Lemma 1.1(4) )
—\/ (t@ AINL (A r) | T is finally in X})

reX

= \/ (t ® Cong(T,r)).

reX

The other case is similar.
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Proposition 3.5. Let (X,7) be an L-fuzzy topological space , T be a fuzzy net ,
e € Pt(X) and r € Ly. Then we have:

Ad.(\,r) = \/{C’one(T, r) | T is a fuzzy net in A}
= \/{Cle(T,r) | T is a fuzzy net in A}

Proof. Since T is finally in A, T is often in A\. We easily show
Ad.(N\,1) = NN, r)
> \/{Cle(T, r) | T is a fuzzy net in A}
> \/{C’one(T, r) | T is a fuzzy net in A}
We only show that
Ad. (A1) < \/{C’one(T, r) | T is a fuzzy net in A}.

Let Ad.(\,7) = t. If t > 0, then N/(N,r) =t. Put D = {u € LX | No(u,r) > t'}.
Define a relation on D by

pr = pe iff gy > po, VY, pe € D.
For each 1, puo € D, since by Theorem 2.3(5),

No(pr A pa, ) > No(pn, r) AN (g, r) >t

Hence, p1 A po € D and py, e = p1 A pa. Thus, (D, <) is a directed set. For each
w € D, that is, N (u,r) > t', we have u £ X, that is, there exists z € X such that
A(z) > p'(x). Thus, we can define a fuzzy net Ty : D — Pt(X) by To(p) = oz where
To(p) € A and A(z) = To(p)(x) > p' ().

We will show that if u € D, then Tj is not often in y'. Suppose Ty is often in u'. For
i € D, there exists p € D such that p < p such that

To(p) = Yay) € I
and A(y) = To(p)(y) > p'(y). Since u < p implies p > p. It implies
Ay) < 1'(y) < p'(y)
It is contradiction for the definition of Ty. Thus, if Ty is often in g/, then p € D, that
is, Ne(p,r) < t'. Therefore,
\/{Cone(T, r) | T is a fuzzy net in A}

> Cone(T,r)

= /\{Né(p,r) | Ty is often in u'}

>t = Ad.(\ 7).
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Theorem 3.6. Let (X,7T) be L-fuzzy topological space and T,U : D — Pt(X) fuzzy
nets such that T'(n) V U(n),T(n) AU (n) € Pt(X) for each n € D. Define fuzzy nets
TVvUTANU: D — Pt(X) by, for each n € D,

(TVU)(n) =T(n)VU(n), (T AU)(n)=T(n)AU).

For each r € Ly, the following properties hold:
(1) If T(n) < U(n) for all n € D, then

Cle(T,r) < Cl.(U,r), Cone(T,r) < Cone(U,r).

(2) Cl(T AU, r) < Cle(T,7) ANCl(U, 7).

(3) Cone(T vV U,r) > Con(T,r)V Con(U,r).

(4) Cone (T ANU,r) < Con(T,r) A Con(U,r).

(5) If L is order dense , then Cl.(T'V U,r) = Cl.(T,r)V Cl.(U,r).

Proof. (1) Let U be finally (often) in A\. Then T be finally (often) in A, respectively.
Thus it is trivial. (2),(3) and (4) are easily proved.
(5) Since T <TVU and U <T VU, by (1), we have

Cle(TVU,r)>Cl(T,r)Vv Cl.(U,r).

Suppose that Cl.(T'VU,r) # Cl.(T,r)V Cl.(U,r). Since L is order dense, then there
exist t € Ly and a fuzzy point e € Pt(X) such that

Cl.(TVU,r)>t> CL(T, )V Cl(U,r).

Since Cl.(T,r) < t and Cl.(U,r) < t, by the definition Cl,, there exist A\, u € LX such
that T and U are finally in \" and y’, respectively, with

Cle(T,r)V Cle(U,r) < NN\, 1) VNI(p,m) < t.

Since T is finally in A, there exists n; € D such that T'(n) € X for every n € D with
n > ny. Since U is finally in y/, there exists ny € D such that T'(n) € p’ for every n € D
with n > ns. Let ng € D such that ng > n; and n3 > no. For n > ng, we have

(TVU)(n) <NV =AAp).
Thus, (T'V U) is finally in (A A u)’. It implies

Cl(TVU,r) < NJAAp,T)
< NI r) VNL(por) <t

It is a contradiction. Hence, we have

Clo(TVU,r) <Cl(T,r)V Cle(U,r).



ON CONVERGENCE IN L-VALUED FUZZY TOPOLOGICAL SPACES 13

Example 3.7. Let (L = [0,1], —) be defined as Example 2.6. Let X = {a, b} be a set
and p € IX as follows:

p(z) = 0.3, p(y) =0.4.
We define L- fuzzy topology T : IX — I as follows:

1, if)\ZOXOI‘lx,
TA) =4 %, iftx=y,
0, otherwise.

(1) In general, Cl.(T' ANU,r) # Cl.(T,r) A Cl.(U, 7).
Let N be a natural numbers. Define fuzzy nets T,U : N — Pt(X) by

T(n) =zq,, a, = 0.8+ (—1)"0.2.

U(n) =xp,, by, = 0.8+ (=1)"110.2.

From Theorem 3.6, (' AU)(n) = z¢. is a fuzzy net. Let e = z¢ 3. From Definition 3.1,
we have for 0 < r < %,

Cle(xzo6,7) =1 —Ne(p,7) =1 —m(zg3, ) =0.
Since T" or U is finally in 1x,
Cle(T,r) =1—N(0x,7) =1—m(x03,0x) =0.3.
Similarly, Cl.(U,r) = 0.3. For 0 < r < %,
0=Cl (T ANU,r) # Cl(T,r) AN Cl.(U,r) = 0.3.

(2) In general, Con.(T V U,r) # Cone(T,r)V Con.(U,r).
Define fuzzy nets T,U : N — Pt(X) by

T(n) = xa,, an = 0.6+ (—1)"0.2.

U(n) =, , by = 0.6+ (—1)""10.2.
From Theorem 3.6, (T'V U)(n) = xgs is a fuzzy net. Let e = xg 3. For all r € Iy,

Ade(xog,7) =1 —N.(0x,7) =1—m(z03,0x) =0.3.
Since T or U is often in p/, for 0 < r < %,
Cle(T,r) =1—Ne(p,7) =1 —m(zo.3, 1) = 0.
Similarly, Cl.(U,r) = 0. For 0 <r < 2

0.3 =Con.(T VvU,r)> (Con(T,r)V Con.(U,r)) = 0.
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4. Fuzzy r-limit nets and LF- continuous mappings

Definition 4.1. Let (X,7) be an L-fuzzy toplogical space. Let T : D — Pt(X) be
fuzzy net in X , e € Pt(X) and r € Ly. Then the degree to which T r-limit to e is
defined , denoted by Lim.(T,r) =t, if Cl.(T,r) = Con.(T,r) = t.

Theorem 4.2. Let (X, T) be L-fuzzy topological space and T, U : D — Pt(X) be fuzzy
nets such that T'(n) vV U(n) € Pt(X) for each n € D. If If L is order dense , Cl.(T,r) =
Cone(T,r) and Cl.(U,r) = Con.(U,r), then

Lime(T VvV U,r) = Lime(T,r) V Lime (U, r).
Proof. From Theorem 3.6, T'VU is a fuzzy net. We easily proved it from the followings:
Clo(TVU,r)=Cl.(T,r)V Cl.(U,r) (by Theorem 3.6(2))
( since Cl.(T,r) = Con.(T,r) and Cl.(U,r) = Con.(U,7),)

= Con.(T,r)V Cone(U,r)
< Cone(TVU,r) (by Theorem 3.6(4))
< Cl.(TVvU,r). (by Theorem 3.6(2)) O

Theorem 4.3. Let (X,7) be L-fuzzy topological space. Let T be a fuzzy net and
H ={U | U is a subnet of T'}. Then, if L is an order dense, the following statements
hold:

(1) Cone(T,r) = Npeyy Cle(U, 7).

(2) Cle(T,r) =\ peyy Cone(U, ).

Proof. (1) For each U € H, by Theorem 3.4, we have
Con.(T,r) < Con.(U,r) < Cl.(U,r) < Cl.(T,r).

Hence
Cone(T,r) /\ Cl.(U,r)
UeH

Suppose
Cone(T,r) # /\ Cle(U,r).
UeH

Then there exist x, € Pt(X) and t € Ly such that

Cong,(T,r) <t < /\ Cl,,(U,r).
UeH

Since Cong, (T, 1) < t, there exists u € L~ with T is often in p such that

Cong, (T,r) <N, (p,r) < N\ Clo,(U,7)
UeH
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and

Since T' is often in ', for each n € D there exists N(n) € D with N(n) > n
=ToN.

T(N(n)) € 1. Hence there exists a cofinal selection N : E — D such that U

Thus U is a subnet of T and U is finally in p’. Tt is a contradiction.
(2) From (1), we have
\/ Con.(U,r) < Cl.(T,r).
UeH

Conversely, let Cl.(T,r) = t > 0. Then N (\,r) < t/, for T is finally in A'. Let
F = {p| Ne(p,7) > t'}. Define a relation on E = D x F by

(m,p1) < (n,pe) iff m <n, p1 > po.

Then (F, <) is a directed set. If p € F, then T is not finally in y’. For each (n,u) € E,
there exists N(n,u) € D with N(n,u) > n such that T(N(n,u)) £ X. So, we can
define N : E — D. For each ng € D and pug € F, there exists N(ng, o) € D with
N (ng, o) > ng such that T'(N(no, o)) £ pgy- Hence for every (n,u) > (no, o), since
n > ng, we have N(n,u) > n > ng. Therefore N is a cofinal selection on T'. So,
U =T o N is a fuzzy subnet of T" and U is finally to every member of F. If U is often
in X\, then U is not finally of A\, that is, A € F. Thus

\/ Cone(T,r) = /\{Ne'()\,r) | U is often in \'} > t.
UeH

Since t is arbitrary, we complete the proof.
O

Theorem 4.4. Let L be an order dense , (X,7) be L-fuzzy topological space and T'
be a fuzzy net. If every subnet U of T has a subnet K of U such that Lim.(K,r) =t,
then Lim.(T,r) =t,

Proof. Let H = {U | U is a subnet of T'}. For each U € H, since U has a subnet K
with Lim7(K,r) = t, by Theorem 3.4(4), we have

Cone(U,r) < Con.(K,r) =Cl.(K,r) =t.
Hence, by Theorem 4.3(2),

Cl(T,r) = \/ Con.(U,r) < t.
UeH

Conversely, by Theorem 3.4(2),
t =Con.(K,r)=Cl.(K,r) < Cl.(U,r).
Hence, by Theorem 4.3(1),

t < /\ Cl.(U,r) = Con.(T,r).
UeH

Hence, Cl.(T,r) < Cong(T,r). Since Con.(T,r) < Cl.(T,r) from Theorem 3.4(2),
Cle(T,r) = Cone(T,r), that is, Lim.(T,r) =t. O
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Example 4.5. Let (L = [0,1],—) be defined as Example 3.7. Let N be a natural
number set. Define a fuzzy net T : N — Pt(X) by

T(n) =x,,, a, = 0.6+ (—=1)"0.2.
Let e = xg.3. Since T is often in u/, for 0 < r < %,
Cone(T,r) =1—Ne(u,r) =1 —m(xg3,u) =0.
Since T is finally in 1x, for each r € I
Cle(T,r) =1—N(0x,7) =1—m(x03,0x) =0.3.

Thus, since Cone(T,r) # Cle(T,r) for 0 < r < %, Lim(T,r) does not exists.
Since Cone(T,r) = Clo(T,r) = 0.3 for 3 <r <1, Lim.(T,r) = 0.3.

Theorem 4.6. Let (X,77) and (Y, 72) be L-fuzzy topological spaces. For every fuzzy
net T in X , z; € Pt(X), r € Ly and A € LX, the following statements are equivalent.

(1) f:(X,T1) = (Y, T3) is LF- continuous.

(2) Ny ey (,m) < VANe(A, 1) | 7 (A) < i}

(3) Cle(T,r) < Cly~ () (f o T,7)

(4) Cone(T,r) < Cong— ey (foT,r)

(5) [T (Cr(A ) < Cr(f7(A), ).

(6) Cri(f~(w),r)) < [T (Cr (), 7).

(7) fUn(p, 7)) < I (F7 (1), 7).

Proof. (1) = (2) For any p € LY such that 73(p) > r and p < p. Since f is LF-
continuous, then 71 (f< (p)) > T2(p) > r, we have by Lemma 1.3 (2)

S(f7(e),p) <Se, f(p)  (e=wm4, f7(e) = fla)y)
=N (p)r)) (R (F)P) = 7)
VN 7Y <py (U ) <p <)

Thus, Ny () (1, 7) < VANe(A,r) [ f7(A) < i}
(2) = (3) If f7(\) <pand foT is finally in z/, there exists ng € D such that for
all n > ng, f(T'(n)) € . Let T'(n) = x¢. Then

t </ (f(2) < (FN) (f(2)) < N(z).
It implies T'(n) € X. Therefore, T is finally in X'.
Cl.(T,r)
= NN\, 7) | T is finally in X'}
< NINZO ) [ 3, 7 (N) S i, fo T s finally in '}
= AUVINVeO ) [ £7 () <Y, foT s finally in pu'}
< AWV} (o) (pa7), fo T s finally in i/}
=Cle(foT,r) (by(2))
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(3)=(4) Every subnet U : E — Pt(Y') of f(T'), there exists a cofinal selection N : E — DI

such that U = f(T)o N = fo (T o N). Put K =T o N. Then K is a subnet of 7. We
can prove it from the followings:

Cone(T,r) < Con.(K,r) (by Theorem 3.4(5))
< Cl(K,r) (by Theorem 3.4(2))
< le—*(e)(f o K7 T) (by (3))

= lea(e)(fo (TON),T)
= le*)(e)(U7 ?“).

From Theorem 3.4 (2), we have Con,(T,7) < Cong—()(f o T,7).
(4) = (5) From Theorem 1.5 and Proposition 3.3 (2),

S(x1, Ol (A7) = Ol (A7) () = Ay (A, 7).

It implies
Cr,(\ 1) (x) = Ady (A, 7). (X)

Thus, we have

17 (Cr )W)
= \VACR (L n)(@) | f(x) =y}

= \V{Ad (A7) | f(z) =y} (by (X))

= \/ \/{C’onm (T,r) | T is fuzzy net in A\}  (by Proposition 3.5)
@)=y

< \/ \/{Cony(f oT,r)|T is fuzzy net in A\}( by (4))
f(@)=y

= \/{Cony(f oT,r)|T is fuzzy net in \}
< \/{C’ony(T, r) | T is fuzzy net in f7(\)}

= Ad,(f~7(N),r) (by Proposition 3.5)
= Cn(f7(N),r)(y). (by (X))
(5) = (6) and (6) = (7) are easily proved .
(7) = (1) We will show that 71 (f<(u)) > T2(u), for all p € LY.
Let T3(p) = 0. It is trivial.
Let 7T2(p) = r > 0. Since Ty = T3 from Theorem 2.4(b), we have, for all y € Y,

Sy, 1) = Ny(p, 7).

It implies, for all z € X,

S(f(x), 1) =Sz, [ (1) = Ny (p, 7).
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Since [ (I7;(p, 7)) = (1) ,

Sz, f7Hw) = S(, f (I (p,7))
(Since f< (7, (7)) < I (f7 (1), 7))

< S, In (f7 (1), 7))
= Nz (f(n),r). (by Proposition 3.3(1))

Thus, by Theorem 2.3(2), we have

S, f7 (1) = Na(f7 (), 7).

Hence, T1(f< () >r. O
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