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Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

+Y F =ma,; F(t)-kx—eci=m ¥
jE+£x+£5::—F(t)
m  m m
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Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

.k c. F@
X+—x+—x=—>=
m i i)

mi+ct+hx=Fysinwf  Where o, is excitation frequency
The sustained motion is given by the particular solution.
x = Xsin(w,t —¢)

i = Xa,cos(wyt—¢)=Xo, sin[mof— @+ %HJ

and
i=-Xay, sin(ayt—¢)= X, sin(w,t— ¢+ 1)
then

Xm ! sin(@,t — ¢+ 1)+ X cw, sin(w,t — ¢+ 7/2)+ X ksin(w,t — §) = F, sin o, ¢t

Mechanical Vibrations - 3rd year - Industrial Dept.




Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

Xmao, sin(w,t—¢+7)+ X co, sin(w,t — ¢+ 7/2)+ X ksin(w,t — @)= F, sin o, ¢
From the diagram,

Fl= (H—Mm§)1 ' X o]

or Xmao?

X = £y Xca)o\wo
\/(k—mco{?)z +ciawy

and

kX
Force vector diagram.

cXw,
tan ¢ = 5
kX —mX o,

co
= tan™ 0
/ {k—mm‘f]
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Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

Since @, = .k/m and ¢, =2me, , then the above equations can also be

o

written as
F,/k

\/Il mﬂ/m )lr [Z(c:/c:mx.-:i;ﬂ/m )]

fied

Thus the steady-state solution is

Fy/k

J 1 (o /0, | +LcfenNen o, ]

The angle ¢represents the phase difference between the applied force and
the resulting steady-state vibration of the damped system.

sin(eyt —¢)
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Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

If F(¢)is sinusoidal

5

I
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Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

If F(¢)is non-sinusoidal

It is not difficult to verify that the equation of motion for the system is

MY +cx +

r;

(kl +k, )1: =k

¥(t)

e

0 21 4n on
o W Wy
One-term approximation
Two-term approximation
x(1) 1 Three-term approximation

Actual function

Pushrod ~

kz -

Roller
follower

Valve

Mechanical Vibrations - 3rd year - Industrial Dept.

SN



|
”"{mnll“..

Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

If F(¢)is non-sinusoidal

The function that displayed in last figure, can be expanded in the trigonometric form of
Fourier series

F(t)=— t+ b, _si t), @, =2

(1) > a, + ; (a, cosneyt + b, sin ne,t), w, = 21/T 0
Wheren=1,2, ...... is an integer number of terms of Fourier series and
o, 1s called the fundamental frequency.

T

The coefficients a, (n=1, 2, ...... )Yand b, (n=1, 2, ...... ) are known as
Fourier coefficients and, provided F(r) is specified as a function of time
over a full period, that can be calculated by means of the formulas

a = 2 |T.F(a.‘)cnsnmrdr =0.1
. Fl= L1
H T (1 3 F

b 2 TF ] d
"_EJ.‘J (f)sin neyt df , n=01
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Damped Systems due to a Simple Harmonic Exciting Force
with Constant Amplitude

If F(1)is non-periodic excitation

J@) S

1 79 N

f,: rise time t: duration time
Xn Xp Xo
2 I
Step Load Ramp Load Rectangular Pulse Load

f@) f@) [

M ' Fy
Xo X /—\ Xo \

Triangular Pulse Half-sine pulse load Explosion load
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Solved Example: 1 (Damped System due to Simple Harmonic Exciting Force with Constant Amplitude (non-sinusoidal))

In the study of vibrations of SIS LIS
valves used in hydraulic control
systems, the valve and its elastic X L,
stem are modeled as a damped
spring-mass system, as shown in x(1)
the following figure. In addition to m _f
the spring force and damping -— =
force, there is a fluid-pressure

force on the valve that changes

with the amount of opening or

closing of the valve. Find the

steady-state response of the

valve when the pressure in the

chamber varies as indicated in the

figure. Assume k = 2500 N/m, ¢

= 10 N-s/m, and m = 0.25 kgqg.
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Solved Example: 1 (Damped System due to Simple Harmonic Exciting Force with Constant Amplitude (non-sinusoidal))
2 L

pt) = pressure, Pa
A

PO.000C 56 0002 — 1)
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Solved Example: 1 (Damped System due to Simple Harmonic Exciting Force with Constant Amplitude (non-sinusoidal))

The forcing function can be expressed as

f(t)= 4 p(t)

where A4 1s the cross-sectional area of the chamber, given by
4=0257(50) = 625107 = m?

Since p(f) 1s periodic with period 7'= 2 seconds and A4 is a constant, F(7)
1s also a periodic function of period 7' = 2 seconds. The frequency of the
forcing function 1S w, = 27/T =  rad/s. F(f) can be expressed in a Fourier

series as

F(r) = %aﬂ + i (a, cos nw,t+ b, sin no,t)

ri=1
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Solved Example: 1 (Damped System due to Simple Harmonic Exciting Force with Constant Amplitude (non-sinusoidal))

Since the function F(7) is given by

T
50000 At 0<r<— : :
F(r) = Jor 2 The Fourier coefficients a, and b, can be computed as:
50000 42-¢)  for g <t<T
2 1 2
a, ==| [ 50000 47 dr+ [ 50000 4(2 ~7) dr | = 50000 4
0 2 o 1 >
2 ¢ 2 2x10° 4
a, == | | 50000 4tcos 7 dt + [ 50000 4(2—7) cos:zrdr] - =X
2L ! T
2 2
EU 50000 Azcos 27 dr + [ 50000 A(2 - 7) cos Zmdz} =0
2 2 2x10° 4
—U 50000 A4¢cos3tdt + [ 50000 4(2 - ) cos 37t d:] - XL
2 ! O
%U 50000 A¢sin 7 dt + J' 50000 4(2 — ) sin m‘dr]
%U 50000 Azsin 27z dt +J' 50000 A4(2 - 7) sin Zmd:] =
2 : 2 .
EU 50000 A#sin 37 dr + [ 50000 A4(2 1) sin 3mdz}
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Solved Example: 1 (Damped System due to Simple Harmonic Exciting Force with Constant Amplitude (non-sinusoidal))

Likewise, we can obtain ay = ag = .....= by = bs = bg = ... = 0. Bv

considering only the first three harmonics. the forcing function can be
approximated:

2107 4

ol

23107 A4
F(t) =~ 25000.4 — =2 2

COS e, T — COS 3,

= o
From Eqg. (4.8)
3 F, ik

~

= (o, foo, P +[2(c/cou Neoo foo., F
o = tan | Bl Yoo [0 )])

1— l:‘51}-::- fmm):
x(r)— 230004 [210° 4/(rcn? )]
o (e se T R e(wo s
So, B [2 <10 a/(0k~> )
Vb —o (e /e, V[ +[6 £ (oo S0, )

The natural frequency of the valve is given by

=
o, = JE = \IJIHDD =100 rad/s
2 025

cos{ et — gy )

cos(3a,t — @)
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Solved Example: 1 (Damped System due to Simple Harmonic Exciting Force with Constant Amplitude (non-sinusoidal))

the forcing freguency bw

2T
@y = —— = 7 radl s
and the damping ratio:

P 10

[
Cerze  2-fTom  2.J(2500 KO 25 )
Thus the freguency ratio can be obtained:
Ry  FT
e, 100

F
—)

L

= 0031416

The phase angles ¢ and g, can be computed as follows:

B, — tan ] [2=0.2=x 0031416
' 1—(0.031416)°

]= D.O125664 Fod

S. — tan ! [s<0. 2003 141:5]
1—(e(o.031416)7)
The solution can be written as

]: O _O38B0483 road

)= 0.019635 —0.015930cos(zx —0.0125664)
— 0.0017828 cos(3mr — 0.0380483)
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Damped Systems Supported on a Foundation Subjected to
Harmonic Vibration
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Damped Systems Supported on a Foundation Subjected to

Harmonic Vibration

The equation of motion is

X, X
m¥, =c(¥, — %, )+ k(x, —x,) " ‘[ [ X,
Rearranging m J
mx, +cx, + kx, = cx, + kx, k l:_l . l l
If we are given x,(t)= Asin ot
= T ° (%, -%) ¢t ~%,)
xl(r)le s @, ¢ -

The equation becomes

mx, + ct, + kx, = X, (ksin ew,t + co, cos o)

Emmm)  mi +cx + kx = F sin ot

o o
Where 7=tan™— =2 =tan"'| =222 | and C:Xl\/k2+(cmﬂ)z. This
k @

n

= Csin (et — )

shows that giving excitation to the base is equivalent to applying a
harmonic force of magnitude C to the mass.
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Damped Systems Supported on a Foundation Subjected to
Harmonic Vibration

k* + (cmﬂ )E
(k— mm§ )2 + (::?mﬂ )E

X, =X, Sm(ﬂ;’nr—ﬁ_?’)

Where
cow
— tan ™ 0
7 { k—mao; J

Using trigonometric identities,

x, =X, sin(w, 7 — ¢)

where X, and ¢ are given by
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Damped Systems Supported on a Foundation Subjected to
Harmonic Vibration

X, _ \/ Frlea) 1+{2§ZZT
B RO

Where % is called amplitude ratio.

1

3
me e,

k(kmm;)+(cmﬂ)l]_tanl 1{(442—1)[%]2}

gﬁ—tan{
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Damped Forced Vibration due to Reciprocating or
Rotating Unbalanced Masses

™N
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Damped Forced Vibration due to Reciprocating or
Rotating Unbalanced Masses

1 n

e {
| I @r
I — e — — _—
| |
_ET R l
M M |
|| 3 | L] £
AT WIS,

(a) (b) (c)
(a) reciprocating motion of a piston, (b) rotation of an
unbalanced rotor (¢) equivalent model.
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Damped Forced Vibration due to Reciprocating or
Rotating Unbalanced Masses

Let

m = eccentric mass

M = mass of the machine including m
@ = angular velocity of rotation

If we assume it to be of SDOF model,
The vertical displacement 1S x + e sin cr

The displacement of mass (A —m) is x(7)

In each case the equation of motion is given by
2

—kx—ci:(M—m)i+m%(x+esin mr)

:(M—m).if+m(— w’esin m;f+j&)

=M X — meo’ sin ot
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Damped Forced Vibration due to Reciprocating or
Rotating Unbalanced Masses

2
mea@

or M X+ cx+kx =me®’ sin ot x(7)= sin(or —¢)
o med’ Vk-Me? +(coy
or x+2{o,x+ o,x = sin @t )
mea
T . " X —
where me @ 1s equivalent force of \/(k ~Mo*f +(co)
centrifugal force and me @” sin @z is L cw
. @ =tan"~
vertical component. T — Mao>

By defining { = ¢/cyi and ¢y = 2Mew,

me V- (/o |+l (ofo,
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Damped Forced Vibration due to Reciprocating or
Rotating Unbalanced Masses

The maximum of occurs when

me

: [ M] =0. where FR frequancyratio=ojw,

dFR\_ me
The solution of this equation gives
o 1 -1
w, J1-222
with the corresponding maximum value of given by
e

MX B 1
me ) .. 251 -2&°

-

This is the peak deflection when the frequency ratio varies from
resonance and occurs to the right of the resonance value of o/w, =1
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Damped Forced Vibration due to
Rotating Unbalanced Masses

MX

e

(Rotating unbalance)

| |
7= 0.00
ﬁ“‘@ 0.10
£=015
|
[
£ =025
7= 050
= — |
— Nys=1.00

05 1.0 1.5 20 25 30 35
frequency ratio = {0/ wy,)

4.0

Phase angle

180°

@
<

0

Reciprocating or

_ Light
o damping

Modorate damping

Critical damping

1.0 2.0 3.0 4.0
Frequency ratio (w/fw,)
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Homework
Quiz

A slider-crank mechanism 1s used to impart motion to the base of a
spring-mass-damper system, as shown in Figure (P3.1). Approximating
the base motion y(7) as a series of harmonic functions, drive the
equation of motion and find the response (natural frequency, damping
ratio) of the mass for m = 1 kg, ¢ = 10 N-s/m, £ = 100 N/m, » = 10 cm,
[=1m, and w = 100 rad/s.

Mechanical Vibrations - 3rd year

4SH






