Rayleigh’s Methods of Dimensional Analysis
Step 1: Setting up the equation
Write the equation in terms of dimensions only, i.e. replace the quantities with their respective units. The

equation then becomes

D=ClopP Vgt wmmp ML (e (M) (M) Ly (LY

On the left side, we have M* L' T2, which is equal to the dimensions on the right side. Therefore, the

exponents of the right side must be such that the units are M* L' T—2
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Rayleigh’s Methods of Dimensional Analysis

Step 2: Solving for the exponents

Equate the exponents to each other in terms of their respective fundamental units:

M: 1 =b + ¢ since M* = MPM®

b c d €

L:1=a-3b-c+d+esince L' = LaL3bc d e ML _ (L)° (E) (E) (E) (E)
e ?) \It) \T) \1?

T:-2=-c-d-2esince T2=T°TdT26

It is seen that there are three equations, but 5 unknown variables. This means that a complete solution
cannot be obtained. Thus, we choose to solve a, b, and d in terms of ¢ and e. These choices are based on
experience. Therefore

FromM:b=1-c¢c (1)

FromT. d=2-c-2e (i)

FromL: a=1+3b+c-d-e (i)
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Rayleigh’s Methods of Dimensional Analysis

Step 2: Solving for the exponents

Solving (i), (11), and (i11) simultaneously, we obtain

a=2-c+e

Substituting the exponents back into the original equation, we obtain
D = Cl2+e=€) y(1-¢) ¢ y(2=c-2€) ge

Which means

D=CIl%?|e l—cplp—cuc Viy—cypie ge

Collecting like exponents together,

V2N (VIp\ ©
o-olF) ()
lg I
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Rayleigh’s Methods of Dimensional Analysis

Step 3: Determining the dimensionless groups

Note that e and c are unknown. Consider the following cases:

If e = 1 then (iv) hecomes (E—g)

1[‘2
If ¢ = -1 then (iv) becomes (g)
If c = 1 then (v) becomes (L)
IpV
If ¢ = -1 then (v) becomes (%) _ (E)

Where v is the kinematic viscosity of the fluid.

And so on for different exponents. It turns out that:

Vi VAT v
Reynolds Number = — = Np = Re Froude Number = | —| =-—==Np=Fr
v lg Vig
e
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Rayleigh’s Methods of Dimensional Analysis

Example: The resisting force R of a supersonic plane during flight can be considered as dependent upon
the length of the aircraft L, velocity V, air viscosity p, air density , and bulk modulus of air k. Express
the functional relationship between the variables and the resisting force.

Solution:

R=fUV. . u,p,K)>R=AI*V*, u,p" . K* (1)
Where: A = Non dimensional constant

Substituting the powers on both sides of the equation
MLT? = AINLT Y ML'T Y (ML (ML'T )
Equating the powers of MLT on both sides
Powerof M= l1=c+d+e

Powerof L= 1=a+b-c-3d-e

Powerof T=> —-2=-b-c-2e
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Rayleigh’s Methods of Dimensional Analysis

ab&cintermsofd &e
d=1-c-e

b=2-c-2e¢

Since the unkown(5) are more than number of equations(3). So expressing

a=1-b+c+3d+e=1-(2-c-2e)+c+3(l-c-e)+e
= 1-24c+2e+c+3-3¢c-3e+e=2-c

Substituting the values in (1), we get

c K -E_
R=Aplv?|| £
g (PW] (ﬂ‘»’z]

R — Afl—cvi—c—ieﬂcpl—c—ﬁxz — AIIVEP(I—cv—cﬁcP—c)(V—EEP—EKE}
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Rayleigh’s Methods of Dimensional Analysis

Example: The velocity of propagation of a pressure wave through a
liquid can be expected to depend on the elasticity of the liquid
represented by the bulk modulus K, and its mass density p.
Establish by D. A. the form of the possible relationship.

Assume: u=C K*p°

U=velocity=LT',p=ML>, K=ML'T”
LT'=M*L*T*xM°L"®

M: O=a+b

L: 1=-a—3b ==
T: -1=-2a
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Rayleigh’s Methods of Dimensional Analysis

Rayleigh Method has the following limitations:

1. The premise that an exponential relationship exists between the variables.

2. Rayleigh method Becomes laborious if variables are more than fundamental dimensions (MLT)

J.  Rayleigh method doesn't provide any information regarding number of dimensionless groups to be
obtained as a result of dimension analysis.

4,  Rayleigh method is not always so straightforward. Consider the situation of flow over a U-notched
weir.

5. When a large number of variables are involved, Rayleigh’s method becomes lengthy.
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Buckingham'’s - TT Theorem/Method of Dimensional Analysis

Say that we have m number of variables (e.g. 6 variables, which are D, 1 p, u, V and g) and n

number of dimensional quantities (e.g. 3 dimensional quantities , which are M, L, and T).

In general we can derive (m-n) independent dimensionless groups, such as Re and Fr, often

denoted 71'1‘ nz‘ n3‘ ------- nm_n
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Buckingham’s - TT Theorem/Method of Dimensional Analysis

Using the following steps:

1. Write down the dimensions for all variables Xi, Xz ... Xn

2. Select n of the variables - say Yi, Y. ... Y. . These are called the repeating variables,
leaving the remaining variables as R, R: ... Rmnn . Note that if the analysis does not
work out, we could always go back and repeat using new RVs. These repeating variables

will appear in all the 7z terms. Note that there are certain restrictions on our choice :
* None of the repeating variables can he dimensionless
« No two repeating variables can have the same overall dimension. For instance, D, the pipe

diameter, and &, the roughness height, both have dimension of L, and so cannot both be used

as repeating variahles.
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Buckingham’s - TT Theorem/Method of Dimensional Analysis

J. Torm the terms or dimensionless st groups. We can find the combination by dimensional analysis,
by writing the group in the form

—_Vauy an &
7 =YY LY ™R

n 1
VY any ax an

7, =YY YR,
—_Vazny ayp as

Ty =Y Y, % Yo "Ry

Which are all dimensionless quantities, i.e. having units of M °L°T?
4, Determine 7t groups; we find that the exponents a

5. Having worked out all the dimensionless groups, the relationship between the variables can be

expressed as a relationship between the various groups. Typically we can write this as one
group (for example 1 as a function of the others [ = _fl,':Hg s, .. ]
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Buckingham’s - TT Theorem/Method of Dimensional Analysis
1.

Now, this method will be illustrated by the same example as that for Rayleigh method, the drag on a
ship. D = Cl®%p? u¢ Vig® ==

ML

T T2
we have 6 variables, which are D, |, p, 1,V and g and 3 dimensions, which are M, L, and T.

=0 (5) () () ()

Where m = 6,n = 3, so there will be m - n = 3 = groups.

2. We will select p,V, and | as the repeating variables (RV), leaving the remaining quantities as D, .1, and g.
J. Torm the terms or dimensionless 7 groups

— 911\ / A &3
= p V=D
— ~91\/ a2 a2
7, = p AV e|E Y

a3\ / A | @
Ty=p AVAH 33g

Y
Lecture (6) - Fluid Mechanics (1) - 15t year Mechanical Engineering Dept. \, ,,




Buckingham’s - TT Theorem/Method of Dimensional Analysis

4. Determine 7t groups; we find that the exponents a

M apy L ap, ML 2D _ D
oporo _| M = | V1= m =p 'V=e=D =
7 MTLT (sz (Tj (L) (sz 1 V22

a a — 14— K /
M 2L\ M o = IV Il 1 - _ -
MOLOTO= A - Lazs 2 p #
7 (5] o) VT
0y—2
A1 Az M3 = p Vv Zg — T
m, MOLT® = % TL (L) TLZJ Ve
s T = f(TI, s, .. .
a,=-1 a,=-1 a;=0 71'1:]‘(7[2,71'3)
=—2 a,=-1 a;=-2
e “ * L = f| A 9 — D=pV 22| L 9
a13:—2 a23:—1 a.33:1 pv2|2 pvl V2 p pVI V2
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Buckingham'’s - TT Theorem/Method of Dimensional Analysis

1. Note that this is the same result as obtained with the Rayleigh Method, but with

the Buckingham n Method, we did not have to assume a functional dependence

2. Both Buckingham's method and Rayleigh's method of dimensional analysis
determine only the relevant independent dimensionless parameters of a

problem, but not the exact relationship between them.
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Homework =

HW(3)

When freewheeling, the angular velocity () of a windmill
is found to be a function of the windmill diameter D, the
wind velocity V, the air density p, the windmill height H
as compared to the atmospheric boundary layer height L,
and the number of blades N:
H N)
P

Viscosity effects are negligible. Find appropriate pi
eroups for this problem and rewrite the function in dimen-
sionless form.

() = fcn(D, V,
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