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Abstract. The purpose of this paper is to obtain some subordination, superordina-
tion and sandwich results for higher-order derivatives of p—valent functions involving
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results.
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1. Introduction

Let H (U) be the class of analytic functions in the open unit disk U = {z € C:
|z] < 1} and let H]a, p] be the subclass of H (U) consisting of functions of the
form:

f(2)=a+ap2? +ap12P . (a€CpeN=1{1,2.1}).
For simplicity H[a] = Hla, 1]. Also, let A (p) be the subclass of H (U) consisting
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of functions of the form:
flz)=2"+ Z arz®  (p €N), (1.1)
k=p+1
which are p—valent in U. We write A (1) = A.

If f, g € H(U), we say that f is subordinate to g or g is superordinate
to f, written f(2) < g¢(z) if there exists a Schwarz function w, which (by
definition) is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that
f(z) = g(w(z)), z € U. Furthermore, if the function g is univalent in U, then we
have the following equivalence, (cf., e.g. [14], [21] and [22]):

f(z) < g(2) & f(0) = g(0) and f(U) C g(U).

Let ¢ : C>x U — C and h be univalent in U. If 3 is analytic in U and satisfies
the first order differential subordination:

6(8(2).28 (2):2) < h(2), (1:2)

then £ is a solution of the differential subordination (1.2). The univalent function
q is called a dominant of the solutions of the differential subordination (1.2) if
B(z) < q(z) for all g satisfying (1.2). A univalent dominant ¢ that satisfies
G < q for all dominants of (1.2) is called the best dominant. If 8 and ¢ are
univalent functions in U and if satisfies first order differential superordination:

h(x) <6 (B(2).28 (2):2). (13)

then 3 is a solution of the differential superordination (1.3). An analytic function
q is called a subordinant of the solutions of the differential superordination (1.3)
if ¢(z) < B (2) for all 8 satisfying (1.3). A univalent subordinant ¢ that satisfing
q(z) < g (2) for all subordinants of (1.3) is called the best subordinant.

Using the results of Miller and Mocanu [22], Bulboaca [13] considered certain
classes of first order differential superordinations as well as superordination-
preserving integral operators [14]. Ali et al. [1], have used the results of Bulboaca
[13] to obtain sufficient conditions for normalized analytic functions f € A to

satisfy: )
z2f'(z

f(2)
where ¢1 and ¢o are given univalent functions in U with ¢1(0) = ¢2(0) = 1. Also,
Tuneski [27] obtained a sufficient condition for starlikeness of f € A in terms

. [T(2)f(2) , :
of the quantity P2 Recently, Shanmugam et al. [26] obtained sufficient
z

q(z) < < q2(2),

conditions for the normalized analytic function f € A to satisfy
f(z)
ql(’z) =< P /(Z) =< q2(2)

20
e e

q1(2) <
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For functions f € A (p) given by (1.1) and g € A (p) given by
z)=2P + Z brz®  (p eN), (1.4)
k=p+1
the Hadamard product (or convolution) of f and g is given by
(fx9)(z) =22+ > awbpz’ = (g% f)(2). (1.5)
k=p+1

Upon differentiating both sides of (1.5) j—times with respect to z, we have

(f+V () =0 (psd) 27+ D 6 (ki) arbrzt, (1.6)
k=p+1
where |
5(p;j)=m (p>j;peN;jeNy=NU{0}). (1.7)

For functions f,g € A(p), we define the linear operator DY , (f * g)(j) :A(p) —
A(p) by:

DY, (f+9)7 (2) = (fx9) (),
Dy, (f+9)7 (2) = Dy (fx9)Y (2)

1-N)(fx9)"Y (2)

+

p

_ Ak — ,

=6 (p;j) 2P + Z ( ]+ p))5(k;j)akbkzk_3,
k=p+1 j

’

=2 (7+0?) @)

D}, (F+9)? (z) = D (D} (£ +9)? <z>)

_ (k — 4
=0(p;j) "7 + Z ( j+/\] p)) 5 (k3 §) arbrz""7,
_pJ,»l

and ( in general )
Dy (f+9)? (2) = DD (f+ )Y (2))

_ (k — _
=6(p;j) 2" + Z < A p)) 5 (k3 j) arbrz""7,
= p—Jj

A>0p>j;peN;jneNyzeU). (1.8)

From (1.8), we can easily deduce that

Az ’ i ‘
b (DA,p (f = g) (z )) = D;\l;l (f * g)(J) (2) — (1= D;L,p (f * g)(J) (2)
A>0p>jipeNn,jeNgzel).  (1.9)
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We observe that the linear operator DY (f * g)(J ) (z) reduces to several in-
teresting many other linear operators considered earlier for different choices of
j,m, A and the function g:

(i) For j = 0,D% , (f * g)(o) (z) = D}, (f * g) (2), where the operator DY ,
(f*xg) (A>0,peN,n e Ny) was introduced and studied by Selvaraj et al. [25]
(see also [12]) and DY , (f * g) (2) = DX (f * g) (2), where the operator DY (f * g)
was introduced by Aouf and Mostafa [6] (see also [8]);

(ii) For

4P

g(z)zl_z peN;zeU) (1.10)

we have DY (f x ) (2) = D} f9(2), D}, f©(z) = Dy f(z), where the
operator DY  is the p—valent Al-Oboudi operator which was introduced by El-
Ashwah and Aouf [17], D?)pf(j)(z) = D;‘f(j) (z), where the operator Dgf(j)
(p>j,p e N,n,j € Ng) was introduced and studied by Aouf [3,4] (see also [7])
and D?_’pf(o) (z) = Dy f(2) , where the operator D} is the p—valent Salagean
operator which was introduced and studied by Kamali and Orhan [18] (see also
[5], [10] and [11]);

(iil) For
) = (al)kfp---(o‘q)k—p zk ;
Sk P DI v e g e (1.11)

(for complex parameters ai,...,aq and By,...,8, (B; ¢ Zy = {0,—1,-2,...},
j=1,..,8);¢<s+1;p€eN;q, s € Ny) where (v) is the Pochhammer symbol
defined in terms to the Gamma function I'; by

) F@+k%_{1, (k=0),
W) = Tw)  \vw+D)w+2)..(v+k—1), (k eN),

we have D} (f * 9V (2) = Dy, (Hp.q.s(01)f)? (2) and DY, (f * 99 (2) =
H, 4s(a1)f(z), where the operator Hp 4 s(1) = Hp g (o, ... 0q; B1,..., 85) 18
the Dziok-Srivastava operator which was introduced and studied by Dziok and
Srivastava [16] and contains in turn many interesting operators;

(iv) For

p+1

g(z) = 2" + Z (W)mzk (1.12)

(a>0;1>0;, peN; meNy;z€U),

we have DY (f * )7 (2) = D}, (L(m, o, 1) )Y (2), and DS, (f +9)"” (2) =
I,(m,a,l)f(z), where the operator I,(m,a,l) was introduced and studied by
Catas [15] which contains in turn many interesting operators such as, I,(m, 1,1) =
I,(m,1), where the operator I,,(m,[) was investigated by Kumar et al. [19];
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(v) For

Fptath) «— T(k+8)
T(p+P) k:zp;rlr(k+a+ﬂ)z

(a>0;peN; >-1;2€U)

g(z) = 2P +

(1.13)

we have DY, (F + )" (2) = D3, (Q3,6)" (2) and DY, (F+9)® (=) = @3,
f(z), where the operator Qf , was introduced and studied by Liu and Owa [20]
(see also [9));

(vi) For j = 0 and g of the form (1.11) with p = 1, we have D} , (f * g) (2) =
DY(ai,...,aq; By, .., B,)(2), where the operator DY (v, ..., og; B4, ..., B,) was in-
troduced and studied by Selvaraj and Karthikeyan [24];

(vii) For j =0, p=1 and

g(z) = Z+kZ:2 [F(s&fz(g;)m) 2F, (1.14)

where n € No;0 < m < 1;2 € U, we have D} | (f *g) (2) = D" f(2), where
the operator DY was introduced and studied by Al-Oboudi and Al-Amoudi
[2].

In this paper, we will derive several subordination, superordination and sand-

wich results involving the operator DY  (f * g)(j ),

2. Definitions and Preliminaries

In order to prove our results, we need the following definition and lemmas.

Definition 2.1. [22] Denote by Q, the set of all functions f that are analytic and
injective on U\E(f), where E(f) = {C € 0U :lim,,¢ f (2) = oo}, and are such

that f (¢) # 0 for ¢ € OU\E (f).

Lemma 2.2. [26] Let q be univalent function in U with q(0) = 1. Let v, € C(i =
1,2), 79 # 0, further assume that

R {1 + Zj(i‘?} > max {o, R (%) } . (2.1)

If B is analytic function in U, and

1B (2) + 7228 (2) < 714 (2) + 7224 (2),

then B < q and q is the best dominant.



480 M.K. Aouf et al.

Lemma 2.3. [26] Let g be convex univalent function in U, q(0) = 1. Let ~y; €

Cli=1,2), 7 #0 and R (%) > 0. I B € Hg(0),1] N Q, 718 (2) + 728 ()
is univalent in U and

14 (2) + 7224 (2) <118 (2) + 7228 (2), (2.2)

then g < B8 and q is the best subordinant.

3. Subordination Resuts

Unless otherwise mentioned, we assume throughout this paper that v € C* =
C\{0}, x> 0,p>j,peN,n,j €Ny and §(p;j) is given by (1.7).

Theorem 3.1. Let g (z) be uniwvalent in U with q(0) = 1. Further, assume that

R {1 + Z(j/”(g) } > max {0, R G) } . (3.1)

If f € A(p) satisfies the following subordination condition:

— 5\ 8 (s3) DY (fx ) (2)
{1 + 7y (p ) ])] {Dip r : g)(j) (2)}2
by g e 2ot @)
o (5o D1, (0”@ [P, G 9? G)]

< q(2) +v2q (2),

then . .
8 (pg) 2" IDYE (fx9) (2)

(D3, (7009 ()]

and q (z) is the best dominant.

=<q(2)

Proof. Define a function ¢ (z) by
5 (p:9) 2D (f29) (2)

D3, (F )" ()]

o(z)= (z€U). (3.3)

Then the function g is analytic in U and g(0) = 1. Therefore, differentiating
(3.3) logarithmically with respect to z and using the identity (1.9) in the resulting
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equation, we have

— 3\ 8 (:3) DN (fx ) (2)
{1 +y (p 3 J)] LU : 2 ) >
P s | D0 @) 2oy ()]
+7< 4 )6(%3) D3, 0" ] [Py, 0P )]

= 0(2) +v20 (2),

that is, o (2) +vz0 (2) < q(2) + v2¢ (). Therefore, Theorem 3.1 now follows

by applying Lemma 2.2. ]
Putting ¢(z) = }Igz in Theorem 3.1, it is easy to check that the assumption

(3.1) holds whenever —1 < B < A < 1, hence we obtain the following corollary.

Corollary 3.2. Let —1 < B < A <1 and assume that

ez mefor ()

If f € A(p) satisfy the following subordination condition

— ) I DI (4 )9 (2
ot

A

+Vcwv)unﬁfﬁ l&fq*m@wz 2@&?0*@@@ﬂ2
D3, (F+0? )] [P, () ()]

14+ Az (A-B)z
=< gl 7
1+ Bz (1+ B2)

then .
§(pj) 22DV (fr ) (2) 14 Az
n j 2 1+ Bz
(D3, (f+9)? ()]
L 14Az -
and the function 5= is the best dominan.

Taking g = f_p - in Theorem 3.1, we obtain the following corollary.

Corollary 3.3. Let q be univalent in U with ¢(0) = 1 and assume that (3.1) holds.
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If f € A(p) satisfies the following subordination condition:

[1+7 (p—j)] 5 (p; 4) Z”’jDS’Ifff)(Z)
! [D3,59 )]
2
s n+2 £(5) (, 2 | DY O (2
+y (%)5(%1’)2”3‘ D f_ ()2— [ & : ()l
(D3, /9] D39 )

< q(2) + 724 (2),
then
8 (p;4) 277D (2)

{D;{p £G) (z)} 7 <)

and q (z) is the best dominant.

Remark 3.4. (i) Taking A = 1 in Corollary 3.3, we obtain the result obtained by

Aouf and Seoudy [7, Theorem 1J;
(ii) Taking p = 1, j = 0 and g = 1% in Theorem 3.1, we obtain the result

obtained by Shanmugam et al. [26, Theorem 5.4] and Nechita [23, Corollary 16];

(iii) Taking n = j = 0, p = 1 and g = 1% in Theorem 3.1, we obtain
the result obtained by Shanmugam et al. [26, Theorem 3.4] and Nechita [23,
Corollary 17].

4. Superordination Results

Now, by appealing to Lemma 2.3 it is easily to prove the following theorem.

Theorem 4.1. Let q(z) be convex univalent in U with q(O) =1 and §R( ) > 0.

1
v
(35)2" I DY (f+9)P (2)
[D;\l p(.f:gp)(j)(z)]z € H [q (O) ) 1] ne,

If f € A(p) such that ?

—i\1 8 i) 2 IDYE (f x 9)) (2)
[l—i_,}/(p)\])] [D;\z)p(f:g)(j) (Z)r
Dy (g () 2[D3 U9 ()]

03,709 [D3, (0 )]

+v (1%) 5 (p;j) 2"
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is univalent in U and the following superordination condition
¢(2) +72q (2)
<[4 (252)] 1) 2 DR () (2
2\ :
(D3, (F+9)? ()]

: n+1 0 (0]

b=\ D@ ) 2D () (@)

i Gwl KN UL FUINE

D2, ()P @] (D1, (9P ()]

holds, then ‘
§ (p;4) 2D (f 5 9)) (2)

=)
NN

and q (z) is the best subordinant.

Taking ¢(z) = % (=1 < B < A<1)in Theorem 4.1, we have the following
corollary.

3(p;g)zP I DY (fx9) D (2)
[Dp,(Fx9)9) (2)]”

Corollary 4.2. Let 3‘%(%) >0 and f € A(p) such that
H[q(0),1]NQ,
[1 4 (p —J)] 8 (p; ) 2= IDYE (f + 9)Y (2)
A - : 2
(D3, (F+9)? ()]
) nt1 W) (]
b=\ D@ 2D (9 ()]
()02 TUNEE EVNE
D3, (099 @] 03,09 ()
is univalent in U and the following superordination condition
1+ Az (A-—B)z
+7 5
1+ Bz (14 Bz)

—i\1 8 i) DY (f x 9)) (2)
B [1+7<p)\j>:| [Dﬁ)p(f:g)(j) (Z)r
D (feg)? () 2[D3 (20)? ()]

p;j 5 (p; ) SP=J J 5 —
+7< g ) o 03,709 )[R, (F*9)? )]

holds, then ‘
1+ Az 6(pg) 22 D3I (fg)Y (2)

1+ Bz (D3, (7 +0)? (2)] ’
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1+ Az
1+Bz

and is the best subordinant.

Taking g = % in Theorem 4.1, we obtain the following corollary.

Corollary 4.3. Let q(z) be convex univalent in U with ¢ (0) = 1 and 3‘%( ) > 0.

1
5(p'j)zp7jD"+lf(j)(Z) !

If f € A(p) such that — e € Hq(0),1]NnQ,
[P3,,79 )]

[1+7 (p—jﬂ 5(p;j)zp’jD§}1f:j>(Z)
4 [D5,70(2)]
2
o nt2 £(5) ( 2 D";lf(j) P
+y (%)6(1%]’)2“' D f_J : )2 - [ & : ( )l
(D3, f0=)] D30

is univalent in U and the following superordination condition

q(2)+72q (2) | |
(e
[D;{pf(j) (Z)}
2
-3 nt+2 ¢(5) 2 | DYt (@)
o (25 Y gy s § D) 2310
(D3, 190 [D3,r0)

holds, then _ _
3 (p;§) 2P I DU (2)

[D3,19¢)]

q(z) <
and q (z) is the best subordinant.

Remark 4.4. (i) Taking A = 1 in Corollary 4.3, we obtain the result obtained by
Aouf and Seoudy [7, Theorem 2J;

(ii) Taking p = 1, j = 0 and g = %5 in Theorem 4.1, we obtain the result
obtained by Shanmugam et al. [26, Theorem 5.5];

(iii) Taking n = j = 0, p = 1 and g = 7% in Theorem 4.1, we obtain the
result obtained by Shanmugam et al. [26, Theorem 3.5].

5. Sandwich Resuts

Combining Theorem 3.1 and Theorem 4.1, we get the following sandwich theo-
rem for the linear operator DY (f = g)(]).
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Theorem 5.1. Let q; be convexr univalent in U with ¢ (O) =1, 8‘%(%) > 0, g2
be univalent in U with q2 (0) = 1 and satisfies the inequality (3.1). If f € A(p)
such that 5(p;j)zp7jD;‘+pl(.f*g)(j)(Z) € H[q(0),1]NnQ

[Dr, (%)@ ()] ’ ’

iy ) PIDIE (f 5 ) (2
14 (252)] 5 (v j[; (]f);)f{(j]) Q

» [ Dr e 205 ea? )]
P=3Y st AL 0V ) D3
(550 D3, (7+0)? )] D3, (<0 )]
is univalent in U and
) q[l (j +(7qu( ))] 3 (pig) I DYE (Fx9)Y (2)
BN D3, (709 ()]
(25 )y | B0 250 O]

(D3, )] [P, +9)? (2)]
< (2) + 720y (2)
holds, then
8 (p; ) 2DV (% 9)Y (2)
(D3, (F 0 ()]

q1 and qo are, respectively, the best subordinant and the best dominant.

q (2) < <q2(2),

Taking ¢;(z) = }Igi (i=1,2;—-1< By < B; < A; < A3 < 1) in Theorem

5.1, we have the following corollary.

8(p3)=" I DI (fx9)D) (2)
[Dr,(1+9)@ (2)]

Corollary 5.2. Let 3‘%(%) >0 and f € A(p) such that
H[q(0),1]NnQ,
p—3\10@a) > Dy (f+9) (2)
1+ (5] o
(D3, (£ 50 (2)]

» (Dt rage) 2D ra? @)
P=3Y g (e j) 2 D32 (f*g) ()2_ { X
(57 D3, (=09 @) D3, (0 )]
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is univalent in U and
1+A1z (Al—Bl)Z
1+Biz | (1+Bi2)

—3\] 8 (53) DY (fx ) (2)
< {14—7 <PAJ)] o, (f:g)(j) (Z):|2

A

03,09 )] D3, (<0 ()]

o (552 sty Dy (g () 2[5 (=0 ()]

l—I—AQZ +7(A2—B2)Z

1+ Bsz (1+ Byz)?
holds, then
14+ A1z 0(psJ) Zp_jD;l;l (f * 9)(].) (2) 1+ Ayz
1+ Bz n j 2 1+ Byz’
1 D3, (f+9)? (2)] ’
}Igiz and }Iggz are, respectively, the best subordinant and the best dominant.

Taking g = ff — in Theorem 5.1, we obtain the following corollary.

Corollary 5.3. Let q1 be convexr univalent in U with ¢, (0) =1, 3‘%(%) > 0, ¢
be univalent in U with ¢z (0) = 1 and satisfies the inequality (3.1). If f € A(p)

8(p;j) 2" I DY D) (2)
such that [D;pfﬁ)(pz)]z € H[q(0),1]NnQ,
p—3\10 @)Dy O (2)
1+~ \ 2
Dy, 10)(2)]

. 2

) [Dz\ipf(j)(z)r [D;f)pf(j)(z)r
is univalent in U and
a1 () + 724, (2)
s '.27‘ n+1(')Z
- [1+7<pAJ>} 8 (p;5) 2° JD.M f; (2)
[ngf(a)(z)}
i 2
+y (u) 5 (p;j) 2" D?;Qf(”(Z)2 2 {ijalf(])(z)l
) (D3, 10 [Py, r0)]

< g2 (2) + 7245 (2)
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holds, then
8 (p;§) 2" DY D (2)

(o3, 70:)]

q1 and g2 are, respectively, the best subordinant and the best dominant.

q (2) < < q2(2),

Remark 5.4. (i) Taking A = 1 in Corollary 5.3, we obtain the result obtained by
Aouf and Seoudy [7, Theorem 3J;

(ii) Taking p = 1, j = 0 and g = 1= in Theorem 5.1, we obtain the result
obtained by Shanmugam et al. [26, Theorem 5.6];

(iii) Taking n = j = 0, p = 1 and g = % in Theorem 5.1, we obtain the
result obtained by Shanmugam et al. [26, Corollary 3.6].

Acknowledgement. The authors are grateful to the referees for their valuable
suggestions.
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